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1. INTRODUCTION

A computational approach is proposed for wave field
intensity-only localization and imaging of unknown scat-
terers that are embedded in a known homogeneous back-
ground medium (as schematically illustrated in Fig. 1). It
is assumed that the field data are the intensities of the
scattered fields gathered at a receiver aperture or array
corresponding to a set of different incident fields that
in turn correspond to different illumination aperture
or array excitations or “experiments” that we label
t=1,2,...,T. The problem under study is the estimation
(via imaging, e.g.) of the unknown support of the scatter-
ers from the data. Particular attention is given to the spe-
cial case of M pointlike scatterers whose dimensions are
small relative to the probing wavelength(s) and whose in-
ternal structure is ignored so that the unknown support is
the set of scatterer positions X,,, m=1,2,...,M, but the
key ingredients for generalization to extended scatterers
whose spatial structure (shape) one wishes to estimate
are also developed.

Potential applications that motivate the present re-
search include the localization and imaging of scatterers
from intensity-only (phaseless) scattering data for lidar,
medical imaging, nondestructive testing of nanomaterials
and devices, rough-surface profiling, biological or indus-
trial localization and imaging of pinholes or masks in an
opaque screen or, complementarily, of inhomogeneities or
impurities in a transparent film, and so on. Motivation is
also provided by a number of recent papers [1-5] elucidat-
ing the information content of scatterers that is contained
in intensity-only (phaseless) scattered field data, along
with the associated algorithmic developments, and by
earlier work in the general areas of diffraction tomogra-
phy [6-8] and inverse scattering [9—-13] using phaseless
field data. Our results complement these and related ef-
forts in intensity-only imaging via a different-signal-
subspace point of view. The idea is that despite the lack of
field phase information, it is still possible, under certain
conditions, to extract the scatterers’ information and, in
particular, to arrive at suitable reconstructions from
intensity-only data.

The inverse scattering problem with full amplitude and
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phase field data is generally nonlinear. Approximations
such as that of Born that make the problem linear are ap-
plicable only to certain classes of scatterer (e.g., weak
scatterers), but more generally the mapping from the
scattering potential to the scattered field data is nonlin-
ear as a result of multiple scattering interactions within
the object.

A number of iterative optimization approaches have
been investigated from time to time to address this non-
linear inverse problem. Yet the search for noniterative
schemes for real-time, on-line inversion is of great impor-
tance, e.g., in biomedical applications. Also important is
the need to better characterize the problem from a theo-
retical point of view, which requires a formally tractable
approach to the problem.

These considerations motivate the modern emphasis of
inverse scattering under a more confined, better con-
trolled scope, such as that of reconstructing the scatter-
ers’ support only. In particular, one of the most fruitful ar-
eas of modern inverse scattering study is the shape
reconstruction or inverse support problem, which is a
nonlinear problem tractable under certain conditions via
quasi-linearizing approaches. Less restrictive versions of
the problem, such as the inversion of both scatterers’ sup-
port and scattering potential profile within that support,
for  special—e.g., piecewise constant scattering
potentials—have also been investigated. Of particular in-
terest are noniterative, sampling approaches, sometimes
termed “qualitative methods,” that include the linear
sampling method, the factorization method, the point-
source and singular-source methods, the time-reversal
multiple signal classification (MUSIC) method [14-23],
and so on (see [24,25] for overviews and references). Of
importance, most of these qualitative methods, because of
their restricted scope, work within exact scattering
theory, including multiple scattering.

Research in this area has emphasized full amplitude
and phase data, and thus one naturally wonders whether
similar methodologies can be derived also for the
intensity-only data case. The present research builds on
this particular approach to the problem, and thus our goal
is to derive sampling approaches applicable to intensity-
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Fig. 1. Schematic of the remote sensing system for intensity-
only localization and imaging of pointlike or extended scatterers.

only field data. Like their full-phase-information counter-
parts [14-25], the derived new sampling approaches may
find their way into applications where the scatterer’s
shape is of interest, such as certain lidar, biomedical, and
nondestructive testing applications. To the best of our
knowledge, this particular methodology that may open
complementary new avenues in intensity-only imaging
has not been established before.

Thus the focus of this paper is the reconstruction of
scatterer shapes via sampling imaging methodologies ap-
plicable within exact scattering theory, which in the
point-target case reduces to target localization. This re-
stricted framework can be seen both as a precursor to
subsequent full inverse scattering reconstruction within
the thus estimated scatterer’s support and as a method
that highlights field information about the scatterer’s
support for applications where the scatterer’s shape is of
interest.

In the case of full amplitude and phase data, the map-
ping from the sources induced in the scatterers to the
data is linear. This is, in fact, the key behind many of the
aforementioned sampling methods (see [23] for an over-
view of this aspect). But under the more limited intensity-
only data, the mapping from the sources induced in the
scatterers to the data is nonlinear. In other words, in this
case one must cope with an additional nonlinearity, i.e.,
the mapping from the scattered field to the data (the scat-
tered field intensity measured by the receiver aperture) is
quadratic; hence the total mapping from the induced
sources to the data is nonlinear. Yet we show next that by
considering not the induced sources but instead another
source function that still carries the information about
the scatterer’s support, the associated mapping becomes
(artificially) linearized so that well-known signal sub-
space approaches for target localization and imaging be-
come readily applicable. In particular, we develop a
signal-subspace-based generalization of the so-called
time-reversal MUSIC method [14-18] for localization and
imaging of scatterers that, unlike previous work in this
area, employs intensity-only field data, i.e., without in-
volving field phase information. Of importance, the de-
rived results apply within exact scattering theory; in par-
ticular, they do not involve linearizing approximations
(e.g., Born approximation) of the mapping from the perti-
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nent scattering potential (which depends on the material
properties of the scatterers) to the field data.

It is important to point out that time-reversal MUSIC
is conceptually similar to the standard MUSIC of statis-
tical signal processing [26,27], as is detailed in [15]. But
time-reversal MUSIC uses a pseudo-covariance matrix in
place of the true covariance matrix of the original MUSIC
approach. Yet time-reversal MUSIC is referred to simply
as MUSIC in a number of papers in the target localization
and shape reconstruction disciplines [19]. In what follows
we adopt this simpler terminology with the understand-
ing that by “MUSIC” we refer to the method developed in
the aforementioned papers [14-18] and in some of the ref-
erences therein and more recent papers [28] including the
extended scatterer version of the theory [19-23].

The remainder of the paper is organized as follows. Sec-
tion 2 addresses the relevant forward-scattering map-
ping. Section 3 presents the proposed intensity-only
signal-subspace-based imaging theory (an “intensity-only
MUSIC”) for pointlike scatterers or inhomogeneities. A
generalization for extended scatterers is outlined in Sec-
tion 4 that is based on approximations in essentially
finite-dimensional spaces of the governing forward map-
ping. Unlike the pointlike scatterer framework that en-
ables a rigorous treatment, the extended-scatterer formu-
lation relies on approximations. In Section 5 the proposed
methodology for intensity-only signal-subspace-based lo-
calization and imaging is illustrated numerically for both
the exact pointlike scatterer case and the approximate-
extended-scatterer case. Conclusions are given in Section
6.

2. FORWARD RELATIONS

For simplicity of presentation the pertinent developments
are given in the framework of the scalar Helmholtz equa-
tion that applies to the frequency domain description of
scalar fields, but the theory can be readily extended to the
full-vector electromagnetic case along obvious lines. To fa-
cilitate the discussion of the results, they are presented
for homogeneous background media; yet the derived in-
version methodology relies mainly on known background
Green functions; hence it can be applied to more general
nonhomogeneous media as long as the Green function of
the background propagating medium is known.

Thus, we consider a homogeneous background medium
wherein wave radiation is governed, for scalar sources
and fields p, and ™, respectively, by the scalar Helm-
holtz equation

(V2 + B2 yi™(r) = - py(r), (1)

where r e R® denotes position, the frequency () depen-
dence has been suppressed, and k=w/c (where c¢ is the
speed of light in the medium) is the free-space wavenum-
ber of the field at the relevant angular oscillation fre-
quency w. The fields ¢, correspond to the incident fields
of the treatment to follow. The label ¢ is employed to de-
note the ¢th transmit-plus-receive experiment. It is hence-
forth assumed that the probing sources p; correspond to
an illumination array of Np radiating point sources lo-
cated at positions Y,, n=1,2,...,Ny and having excita-
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tion strengths a,,, t=1,2,...,T; n=1,2,... ,Np, so that
they are of the form
Np
) = X @y, 8r - Y,), 2)
n=1

where §is Dirac’s delta function. The fields ¢/"° they gen-
erate (the incident fields) are of the form

Np

yrer) = >, a,,Gr,Y,), (3)

n=1

where G denotes the Green function for the Helmholtz op-
erator in Eq. (1) obeying (V2+%2)G(r,r')=-8r-r’') and
Sommerfeld’s radiation condition, in particular:

exp(ik|r - r'|)
Gryxr')=——"—7—. (4)
4air — 1’|
In the presence of the scatterers the total field ¢;, which
is given by the sum of the incident and the scattered field

W“C and ¢}, respectively—i.e., ;= 1/4 °+ yi—obeys
(V24 B iy(r) = V() iy (x) - p,(x), (5)

where the scattering potential function V(r)=k2-K2(r),
where in turn K(r) is the space-dependent wavenumber of
the field in the total (background plus scatterers) me-
dium.

It now follows from Egs. (1) and (5) and standard ma-
nipulations involving Green’s theorem and Sommerfeld’s
radiation condition for the scattered fields that the field
W, scattered by an unknown scatterer of support D (so
that its scattering potential V is of support D) when ex-
cited by an incident field ¢ can be expressed as [29-31]

Yi(r) = J dr'G(r,r")Ip(r")Q,(xr"), (6)

where @), represents the source induced over the scatterer
due to excitation with probing field "¢, and Ip(r) is a
masking or indicator function whose value is defined as
Ip(r)=1ifr e D and Ip(r)=0 otherwise. Now, the induced
source @; in these developments is given within exact
scattering theory (including multiple scattering) by
[29-31]

Q.(r) = V(r)[(I - GV) 1 yi™](x), (7)

where I is the identity operator and the linear mapping
GV is defined by

(GVi)(x) = f dr' G, e ) V(r') i (x'). 8)

It follows from Eq. (6) that the intensity I,(r) of the
scattered field ¢j(r) is given by

=|¢f(r)|2=fdr’fdr”H(r;r’,r”)Qt(l",r”), )

where the kernel
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H(r;r',x") = G (r,x")Gr, ") Ip(x ) p(x") (10)

(where * denotes complex conjugation) depends only on
the known background Green function and the sought af-
ter scatterer support D, and where we have introduced
the new source function term

Qu(r', ") = Q,(r)Qy(r"). (11)

An alternative and insightful form of Eq. (9) is found by
noting that expressions (10) and (11) imply H(r;r’,r")
=H"(r;r",r') and Q,(r' ,r”):Q:(r”,r') so that Eq. (9) can
be written as

It(l‘)=fdr’H(r;r’,I")Qt(r’,I")

+2%|:f dr’f dr"H(r;r’,¥")Q,(xr',x")
W<x’ <y’ <’}

:fdr’H(r;r’,r’)Qt(r',I")

+2Jdr’J
Wx! gy’ <2’}

Xdr"R[H(r;x',v")JR[Q,(xr',x")]

-2 f dr’ f dr"3[H(r;r', r")]3[Q)(x",x")],
"<z’ y'<y' 2"<z'}

(12)

where R and J denote the real and imaginary parts, re-
spectively, while (x’,y’,z’) and (x”,y”,z") are the Carte-
sian coordinate representations of r’ and r”, respectively.
It is convenient to further compress Eq. (12) by noting
that  R[H(r;r',r')]=H(r;r’,r') and R[Q;(xr',r')]
=Q,(r’,r’) [these results follow from the facts
H(e;r' ,v")=H"(r;¥",r') and Q,xr',r")=Q"(x",r') noted
earlier] so that by introducing

z [
H(r;r’,r",‘]) = {/J[H(r.r! I‘")] ] -9 (13)
and
é (I" " ) _ 2%[Qt(r”r”)][1 - %5(1" — r”)] J =1
R B ) P
(14)

Eq. (12) can be expressed as

It(r)zjdr’f dr"H(r;r’,xr",1)Q,(x',x",1)
=z’ y'<y' 2"<z'}

+ f dr’J dr"H(r;r’ ,x",2)0,(x' ,x",2),
'<x y'<y' "<z}
(15)

which is more eloquent than Eq. (12) in the language of
signal-subspace methods, as will become clear later.

Our focus in this work is the inverse or imaging aspect.
Specifically, a MUSIC-like signal-subspace-based imaging
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Fig. 2. (Color online) Conceptual depiction of the support re-
gions D and D®D in R? and R® spaces, respectively.

method is sought for the estimation of the unknown scat-
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points Z,,n=1,2,... ,Np, which corresponds to a total of
TNgr measured field intensities [,(Z,), t=1,2,...,T; n
=1,2,...,Ng. For each ¢, one then measures the Npx1
intensity vector

L =[1,(Z),I(Zy), ... I(Zy,)] € R"E. (16)

At this point, it is formally convenient to introduce the
linear mapping P: X— ), where X is the Hilbert space of
square-integrable real-valued source functions Q, of
(r',r",j) e R®®{1,2}, where ® denotes the Cartesian
product—whose support in R®®{1,2} is Do D®{1,2} (for
a schematization of the support D®D in R® refer to Fig.
2)—and for which we define the weighted inner product

2
(QdONHr=2 dr’fdr”w(r’,r”J)Qt(r’,r”J)Qt’(r’,r”J),
j=1

terer support D from knowledge of the scattered intensity 17)
I, due to a number of transmit experiments or sources
ps,t=1,2,..., T and measured at a number of receiver where the weighting function
|
1 if ') eD[DN{x'=x"y' =y 2" =z o{1}
wr' v j)=11 if @',r"j) e DR[DN{K" <x'.y"<y',2" <z'}]®{2}, (18)

0 otherwise

and where ) is the data space of real-valued Ng-tuples to
which we assign the inner product defined by

Ng
LIy = > LI (n). (19)
n=1

According to Eqgs. (15), (16), and (18) this linear mapping
is defined such that

L(n) = (PQ)(n)
2
=> dr’fdr"w(r’,r”J)ﬂ(Zn;r’,I'”J)Qt(r’,r"J)
Jj=1

n=1,2,... ,Ng. (20)

Having arrived at this formality, we wish to divide for
pedagogical reasons the following discussion into two
cases, namely, a general case to be handled approxi-
mately, and a particular case that can be solved exactly:

1. General case of an extended scatterer of support D.
This case will be discussed using well-known properties of
the singular-value decomposition (SVD) of the compact
linear mapping P defined in Eq. (20) that will facilitate
approximations leading to the approximate imaging of
the sought-after scatterer from intensity-only data. The
proposed imaging is outlined in Section 4 and accounts for
a new support inversion or shape reconstruction method
with intensity-only data.

2. Special case of a total scatterer composed of a collec-
tion of small scatterers which for the given wavelength
can be modelled as point targets so that the sought-after

[

support is of the form D={X{,X,,...,X;} where X,,, m
=1,2,...,M are the target locations. This case will be con-
sidered without approximations in the next section, and,
in particular, conditions enabling perfect localization of
the targets in the absence of noise will be given. The effect
of noise in the data will be considered numerically in
section 5.

The key forward relation for the remainder of the paper
is Eq. (20). For the special case of M point scatterers at
positions X,,, m=1,2,...,M this result can be readily
seen to take the particular form

M
It(n) = (Pét)(n) = E 2 7:((Zn;)(ma)(m’rl)ét()(m’)(mUl)

m=1 /<
M
+E E ’Fl(zn;xmaxm’,2)Qt(xm>xm’,2) (21)

m=1 ' <m

where n=1,2,...,Np. Section 3 investigates intensity-
only signal-subspace-based localization of the M point
scatterers under the signal model of Eq. (21).

3. INTENSITY-ONLY SIGNAL-SUBSPACE-
BASED IMAGING OF POINTLIKE
SCATTERERS

Consider the Ny X 1 propagator vectors URR) gpnd VR.R)
defined by

URR)(n) = R[G(Z,,R)G(Z,,R")],
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V(R’R')(n) = j[Gk(vaR)G(ZINR/)] n= 1727 e ’NR'
(22)

Using Egs. (10), (13), and (22) one finds that Eq. (21) can
be expressed as

M
L=PQ,=> > 0/X,.X,,1)UX%n

m=1 ' <p

M
+ D 04X, X, 2) VEKn), (23)
m'=m

m=1

where without loss of generality we have included the
case m=m’' in the second summation since VEmXn)=(,
This expression points up that the data vectors I,
t=1,2,...,T lie in (and that P maps into) the signal space

S, = Span[UXnXn) V& X,

where X,,, m=1,2,...M are the sought-after scatterer
positions.

Assuming a number of photodetectors Ng>M?, this
space can be shown from the results and methodology in
[28,32] to be of dimensionality M2 under mild conditions.
Thus if one carries out sufficiently many experiments (7'
is sufficiently large) as to let the data vectors fully span
the signal space or range of the linear map P, then the
rank of the Ny X T data matrix [I;I,...I7] is M2 (under
low additive noise this becomes an “effective”, or numeri-
cal, rank). Furthermore, the SVD of the data matrix will

reveal signal subspace vectors W, p=1,2,... ,M? having
nonzero singular values o, and defining the range of the

mapping P or the signal subspace S,=Span(W,,p =M?).

Similarly, the SVD of the data matrix will reveal noise
subspace vectors W,,p=M?+1,M?+2,...,Np spanning
the orthogonal complement of S, in ), that is, the noise
subspace S, =Span(W,,,p >M?). This information, that is,
the signal subspace data vectors W,,p=M 2 and the
complementary noise subspace vectors W,,p>M 2 that
can be deduced from the measured data, is the basis for
the localization method given next. Thus, once the data
are gathered and the signal subspace and noise subspace
vectors have been determined from the data, one can ob-
tain images of the scatterers pinpointing their locations
by plotting the following pseudospectra versus position in
a given region of search or of interest where the targets
are being sought.

Two variants of the approach are possible. One is com-
putationally intensive and requires exhaustive search in
six-dimensional space R®, which can be implemented nu-
merically using genetic algorithms [28]. The other ap-
proach is much less intensive and requires search in
three-dimensional space R®.
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Fig. 3. (Color online) Indicated diagonal line dividing the sup-
port region D ®D in R® corresponds to the subset of that support
that is associated with the points (R,R) € R® and their propaga-
tors URR) ysed in the noncomputationally intensive version of
the intensity-only signal-subspace-based imaging algorithm of
this work.

The computationally intensive version is as follows.
Since

8, = Span[UXnXu) VXX,

m=12,....M; m'=m,

and also S,=Span(W,,p =M?) while Sj:Span(Wp N
>M?), then if (R,R’') coincides with any of the combina-
tions (X,,,X,,1), m=1,2,...,M; m'=1,2,...,M, then the
vectors URR) and VRR) introduced in Eq. (22) are or-
thogonal to the noise subspace SyL. Therefore, the pseu-
dospectrum

1

ARR)=| X [(W,[URR) 2L > (W, [VRR)) 12|

p>M2 p>M2

(24)

peaks to infinity for the correct test two-point selections
R,R)e{X,,,X,,)),m=1,2,.... M;m'=1,2,...M} and
has finite value for noncorrect two-point selections, which
provides the basis for the proposed scatterer localization
methodology. Thus, for imaging, one can plot, the pro-
jected pseudospectrum versus R:

Ap(R) = maXR’[A(R’R’)]y (25)

where maxg/[A(R,R’)], which is a function of R only, is
computed by fixing the given R and taking the maximum
value of the resulting quantity A(R,R’) over all values of
R’, and which will have large values for test points in and
near the correct two-point selections corresponding to the
correct scatterer positions.

The noncomputationally intensive version of the
method uses Eq. (24) only for R=R’. This reduces the di-
mensionality of the search space from six to three. In par-
ticular, the respective pseudospectrum is A(R,R) (refer to
Fig. 3). The image of the scatterer is obtained by plotting
this pseudospectrum versus R, which will reveal peaks
for the correct selections R=X,,, m=1,2,... ,M.
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4. INTENSITY-ONLY SIGNAL-SUBSPACE-
BASED IMAGING OF EXTENDED
SCATTERERS

The following method for extended scatterers whose
structure or shape one wishes to estimate is based on sig-
nal subspace concepts and, in particular, relies on the
SVD of the linear mapping P defined by Eq. (20), which is
of the form [33]

Np
(PQ)(n) = 2, 0,W,(n) < R,|Q/>x, (26)
p=1

where (0,,R,,W,), p=1,2,...,Npg, constitutes the singu-
lar system of P: o, are the relevant singular values, and
R, e X and W, e ) are the associated right-hand singular
functions and left-hand singular vectors, respectively. In
the extended scatterer case, the number of strictly non-
zero singular values o, of the linear mapping P is Ng.
Thus, unlike in the noise-free signal model for point tar-
gets wherein P can have a true null subspace of singular
functions having strictly zero singular value, as we ex-
plained earlier, in the present extended scatterer case
this is not the case (strictly speaking, there is no null sub-
space in this case), and one must rely on approximations,
as we elaborate in the following.

The approximations in question provide a quasi-signal
subspace of nonsmall singular values as well as a comple-
mentary quasi-noise subspace of very small singular val-
ues that one can handle numerically in a way similar to
the true null or noise subspace of the respective pointlike
scatterer theory. The question of selecting an optimal cut-
off for the singular value index separating quasi-signal
versus quasi-noise subspaces is a topic that belongs to
regularization theory and to the approximation of com-
pact operators in essentially finite dimensional spaces
(see [21,34-37]; see also the discussion on number of de-
grees of freedom of linear operators and on the related se-
lection of the signal-versus-noise cutoff in [23] and the re-
cent account on g-approximation of compact linear
mappings for time-reversal MUSIC imaging of extended
targets in [38]).

In the computer simulations associated with this work
we successfully implemented the basic approach of esti-
mating the cutoff from the “knee” of the singular value
spectrum as given in log-scale. As addressed in a previous
paper [23] on the associated “with phase” time-reversal
MUSIC imaging of extended targets, this method is ap-
proximately equivalent in practice to the standard
L-curve-based approach of ill-posed inverse problems
[33], which in the present imaging context takes two
forms, a priori and a posteriori L curves as detailed in [23]
(pp. 1977-1979).

In particular, it is possible that, for sufficiently large
Ng, a certain saturation can be reached so the singular
values o, decay exponentially fast for some p>L, so that
0,=0 for p>L, where L <Np, is the effective number of
degrees of freedom or dimensions of the field data [34,35].
This situation is well known [33,36], e.g., it is standard in
the theory of compact linear mappings, and is the basis
for the ill-posedness of the inverse problem. The condition
L <Npg, is also the basis for the MUSIC-like imaging ap-
proach that follows, which is formalized by introducing
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the L-dimensional subspace S, CJ of J which is spanned
by the principal field functions W,,p=L having non-
negligible singular values o, as well as its
(Np—-L)-dimensional orthogonal complement S;in V,
which in turn is spanned by the field functions W, ,p>L
having negligible singular values o,,.

Most of the information about the scatterer that can be
reliably extracted from the available data is contained in
the L-dimensional signal subspace S,; in fact, essentially
all the data lie in this subspace, thereby having almost
zero projection to the respective (Np—-L)-dimensional or-
thogonal complement Sj. If a method can be thought of to
deduce from the data this signal subspace S,, and along
with it, its associated (and nonempty) complement
SyL—both of which according to the definition of the map-
ping P [Eqgs. (10), (18), and (20)] must depend only on the
known Green function G and the unknown support D,
thereby being completely independent of the details of the
material structure of the scatterer (e.g., interior index of
refraction)—then an approach similar to MUSIC can be
used for the determination of the scatterer support that is
applicable under mild conditions to spatially extended ob-
jects.

In this context we rewrite Eqgs. (20) and (26) as

L
I, =PQ£ = E Upr<Rp‘Qt>X (27)
p=1

where we have approximated P by a truncation of its sin-
gular system representation Eq. (26) so as to include only
the respective “principal components” of the data. We see
from relation (27) that for any experiment (¢), the scat-
tered field intensity vector I, can be approximated as a
signal in the signal subspace S,=Span(W,,p=L). Then,
for sufficiently large number 7' of experiments, the sub-
space of ) spanned by the measured intensities
L[t=1,2,...,T,ie.,Span(1,,t=1,2,...,T)], essentially co-

incides with the M-dimensional signal subspace
Sy, thereby also revealing the associated

(Ng-L)-dimensional orthogonal complement or null sub-
space Syl. From this one can deduce, if this complement is
nonempty, i.e., if L <Npg, the scatterer support via the fol-
lowing MUSIC-like procedure. In particular, after one
gathers the data vectors I;, t=1,2,...,7T, one can arrange
them as the Ny XT data matrix [I;I5---I7] and deduce
(via standard SVD or principal component analysis of this
data matrix) the effective rank L, the principal or signal
subspace data vectors W,,p=L, and the noise subspace
vectors W,,p>L. Finally, one can obtain images of the
scatterer based on the pseudospectra discussed next.
Again, we emphasize that unlike the pointlike scatterer
theory, where there can be true signal and null subspaces
under the conditions stated in the previous analysis, in
the present extended-target case whenever we refer to
signal and noise subspaces what is meant is quasi-signal
and quasi-noise subspaces determined by a practical se-
lection of a cutoff singular value index that can be done,
e.g., from estimation of the knee in the log-scale singular-
value spectrum of the data matrix or by the L-curve
methods in [23].

As in the case of pointlike scatterer inversion, two vari-
ants of the method are possible. One is computationally
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intensive and requires exhaustive search in six-
dimensional space R®. The other approach is much less
intensive, requiring search in three-dimensional space
R3.

The computationally intensive version is as follows. Re-
turning to relations (10), (13), (18), and (20) we note that
P maps into the space spanned by the Ny X 1 propagator
vectors URR) and VRR) defined by Egs. (22), where
(R,R")eDe[DN{x'<x,y'<y,z’<z}]. Thus the vectors
in Egs. (22) corresponding to (R,R') e D®D are in the
data space while the vectors in Eqgs. (22) for (R,R’) ¢ D
®D are not in the data space. Within computational ac-
curacy (i.e., essentially), the vectors in Eq. (22) corre-
sponding to (R,R’) e D® D have large projections into the
effective signal subspace S,, while they have small projec-
tions into the orthogonal complement SyL. On the contrary,
essentially the vectors in Eqgs. (22) corresponding to
(R,R’') ¢ D®D have small projections into the effective
signal subspace S, while they have large projections into
the orthogonal complement SyL. Then the high-
dimensional pseudospectrum

ARR) =| D (W JURRY 24 S (w, [VERRY) 2|7

p>L p>L

(28)

peaks (has large value) for test two-point selections
(R,R’) in and near the sought-after support D®D, i.e.,

S
(R,R')~D®D. For imaging, one can plot the projected
pseudospectrum

A,(R) = maxg [A(R,R")] (29)

versus R’ that will have high values in and around the
sought-after scatterer support D. This completes the ap-
proach to highlight the sought-after scatterer support D
presumably with good results under low noise.

The less intensive method uses Eq. (28) only for R
=R’, which reduces the dimensionality of the search
space from six to three, in particular, the respective pseu-
dospectrum is A(R,R) (refer to Fig. 3). The image of the
scatterer is obtained by plotting this pseudospectrum ver-
sus R.

5. COMPUTER ILLUSTRATIONS

To illustrate, we consider next the basic problem of inter-
rogation in three-dimensional free space of two pointlike
scatterers (M =2) by a square array of 11X 11=121 one-
wavelength-separated point transmitters (point sources)
and receivers (photodetectors) (thus Np=121 and Np
=121). The geometry of the problem is shown in Fig. 4
where all dimensions are given in the scale of the wave-
length A=27/k. The background Green function G(r,r’)
is then given by Eq. (4) where £=2#/\, and in the simu-
lations we take the wavelength A=1. The familiar Foldy—
Lax multiple-scattering model [e.g., [39], Eqgs. (7) and (8);
[40], Egs. (3.7) and (3.8); [41], pp. 246—248; [42], pp. 376—
382; [43], Eqgs. (14-7a) and (14-7b); [44], Eqs. 1 and 2; [18],
Eq. 2] is adopted in carrying out the associated forward-
scattering computations so as to simulate multiple scat-
tering between the scatterers.
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For the experiments, we set the target scattering
strengths 71=7=1. Thus we take V(r)=78(r-X;)+ ndr
-X5), and the goal is to deduce the unknown point scat-
terers’ positions X; and X, from intensity-only scattered
field data as gathered by transmit-plus-receive experi-
ments based on the array. The adopted configuration is
meant to simulate a so-called limited-view configuration,
wherein the sources for interrogation and the receivers
for measurement are confined to a given limited-view re-
gion that does not fully enclose the scatterers.

As transmit experiments, we select a given point source
as transmit experiment, thus a total of 121 transmit ex-
periments are implemented, and for each experiment we
gather the scattered-field-intensity vector as seen at the
receiving aperture [it is thus assumed that the incident
fields can be filtered out, e.g., by time gating, the use of
Mach—Zehnder interferometry to separate incident and
scattered fields, or other approaches (e.g., [9,10]), so that
we can obtain the scattered-field-intensity vector as data
for the algorithms].

As shown in Fig. 4, in our first set of simulation experi-
ments we set the point scatterers at positions X;
=(X1,Y1,Z1)=(2,5,0) and X2=(X2,Y2,Z2)=(8,5,0), while
the probing aperture is located at the plane defined by
Z =15, so that the target separation is 6\ while the sepa-
ration between the target and aperture planes is 15\. For
this particular geometry, we explore both the computa-
tionally intensive and the noncomputationally intensive
versions of the method discussed in Eqs. (24) and (25).
The following results illustrate, for this example, the im-
aging via Eqs. (24) and (25) of the scatterers under noise-
free conditions as well as under 20 dB signal-to-noise ra-
tio (SNR) determined as in [23]. Comparative results
shedding light on the resolution ability of the intensity-
and-phase versus the intensity-only cases, where the lat-
ter involves the two variants (intensive versus noninten-
sive), are also discussed.

In the first set of simulations, noise-free data were used
to estimate the scatterer positions X,,, m=1,2 with en-
couraging results. Figure 5 illustrates the respective
pseudospectrum image A(R,R) for R=(X,Y,Z=0) as de-
fined by Eq. (24) (in the noncomputationally intensive
variant so that R=R’). The singular-value spectrum of
the data matrix associated with the simulation in Fig. 5 is
shown in Fig. 6(a). In this spectrum, the values of the first
four singular values (arranged as a nonincreasing se-
quence so that o;=03=03 ") are clearly much higher
than the rest, corresponding to indices >4. Thus it is
natural to interpret the first four singular values (and
their singular functions) as corresponding to the signal
subspace S, arising in the theory, and to associate the re-
maining singular values (and their singular functions)
with the orthogonal complement or noise subspace S;.
This behavior is to be expected from our theoretical devel-
opment (Section 3), which shows that the dimensionality
of the signal subspace for point targets is M? where M is
the number of targets. In particular, in the present case,
M=2 so that the signal subspace has dimensionality M2
=4, which is what one gathers from the spectrum in Fig.
6(a) that reveals only four dominant singular values.

The other singular values are theoretically zero in the
absence of noise. Their very small (almost zero) values in
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Fig. 6(a) are only the result of the numerical nature of the
calculations, which gives rise to numerical roundoff and
other minor errors and are manifested as numerical
“noise”, as is well known. Therefore, we conclude that the
dimensionality of the signal subspace is M?=4, in agree-
ment with our analysis in Section 3.

Next, Fig. 7 shows the respective pseudospectrum im-
age under “single-snapshot” 20dB SNR additive white
Gaussian noise. Slices of the respective pseudospectrum
AR,R), where R=(X,Y,Z) for this 20 dB SNR case with
different values of Z are shown in Fig. 8, where clearly
the plot for the correct target plane (Z=0) exhibits the
highest values of the pseudospectrum as well as the
sharpest resolution, as expected. The corresponding sin-
gular value spectrum under 20 dB SNR is shown in Fig.
6(b). By comparing the spectra in Figs. 6(a) and 6(b), the
most salient change from the noiseless condition [Fig.
6(a)] to the 20 dB SNR case [Fig. 6(b)] is in the level of the
singular values that belong to the noise subspace (hence
the terminology “noise subspace”).

Figures 7 and 8 thus show that, for the 20 dB SNR
noise level, the pseudospectrum peaks at the correct scat-
terer positions, as desired. Nevertheless, it was also noted
that as the scatterers’ distance diminishes, the resolution
ability of the noncomputationally intensive pseudospec-
trum also diminishes, and that, in particular, there ap-
pears to be an approximate critical distance, for a given
noise level, at which spurious peaks of the pseudospec-
trum begin to seriously limit the scatterer location esti-
mation accuracy of this imaging procedure.

To explore comparatively the change in resolution ver-
sus noise level for the given remote sensing system and
scatterers, we developed plots of the respective resolution
versus SNR for three different methods: (a) the noncom-
putationally intensive intensity-only MUSIC method of
this paper, (b) the computationally intensive intensity-

Z (A units)

Y (A units)

Fig. 4. Geometry for the first set of pointlike scatterer simulations.
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only signal-subspace-based method of this paper, and (c)
the time-reversal MUSIC method in [14—-18] under the as-
sumption that one can measure both intensity and phase.
The scatterers’ positions for these experiments were X;
=(X1,Y1,Z1)=(5—A/2,5,0) and X2=(X2,Y2,Z2)=(5
+A/2,5,0), where A is the target separation (in \ units).
The probing aperture was maintained as in Fig. 4 for the
methods applied in (a) and (b). For the method in (c) the
probing aperture was reduced to 36 receivers and 36
transmitters.

The results are given in Fig. 9. One notes that, for all
the imaging methods considered, the resolution improves
exponentially as SNR increases. Of importance, and as
expected, the computationally intensive intensity-only
method outperforms the corresponding nonintensive
method, while the imaging approach using both intensity
and phase information clearly outperforms the intensity-
only approaches even though the number of receivers and
transmitters was reduced to about 30% in this last
method. Clearly the resolution of the intensity-only meth-
ods in (a) and (b) is severely affected by the lack of phase
information. Yet, for both methods there is a critical SNR
value above which the resolution is subwavelength, and
both methods enable perfect reconstruction in the absence
of noise, as desired.

Figure 10 illustrates the pseudospectrum image for an-
other simulation experiment aimed at addressing the
smaller target separation of 3\. In particular, in this ex-
periment we selected the scatterers’ positions of X;
=(X1,Y1,Z1)=(3.5,5,0) and X2=(X2,Y2,Z2)=(6.5,5,0)
while maintaining the setup in Fig. 4. In particular, the
probing aperture was kept as in Fig. 4 at the plane de-
fined by Z=15, and 7;=m,=1. Figure 10 shows slices of the
noncomputationally intensive pseudospectrum under
24 dB SNR. The plot shows the pseudospectrum A[R
=(X,Y,Z),R] for different values of Z. It is seen that the
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X (A units)
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Y (A units)

Fig. 5.

scatterer locations are sharply resolved for the correct
target plane (Z=0), as desired.

Next we illustrate in Fig. 11 far-field imaging of the two
scatterers by the computationally intensive signal-
subspace-based method. It is important to note that—as
is easy to show by using the far-field approximation G(r
=rr,r')=exp(ikr—ikr-r')/47r in the theory in Section
3—in the far-field case only the intensive version of the
scatterer localization methodology derived in the paper
applies. In particular, in the far field, the nonintensive
method does not apply, and only the intensive form re-
mains applicable.

X (A units)

Intensity-only pseudospectrum image of the two point targets under perfect data conditions (121 experiments).

The following results correspond to the geometry in
Fig. 4 but with the aperture plane at Z=200 instead of at
Z=15. The target parameters remain the same as in Fig.
4 for this simulation (thus the target separation remains
6)\). Figure 11 corresponds to the computationally inten-
sive pseudospectrum A,[R=(X,Y,Z=0)], which clearly
reveals the correct target positions. Clearly the pseu-
dospectrum has a smoother variation (smaller resolution)
than in the near field. For instance, it has relatively large
value in the vicinity of the line between the two target po-
sitions. Yet the highest values (peaks) occur at the correct
target positions, as desired. However, the method was

L
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o
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5

Singular value

[

o
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Index
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Fig. 6. Singular values of the data matrix for the case of two pointlike scatterers under (a) noiseless conditions and (b) 20 dB SNR.
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Fig. 7. Intensity-only pseudospectrum image of the two point
targets under 20 dB SNR (121 experiments).

found to be very sensitive to mild noise levels in this par-
ticular example, which is not surprising since one should
expect the associated combination of both limited-view
and far-field factors to seriously limit the intrinsic resolu-
tion ability.

We have performed further simulations aimed at illus-
trating intensity-only imaging of more than two point tar-
gets. Two such examples, for four and six scatterers, are
briefly discussed next. We consider first imaging of four
unit-scattering-strength scatterers (7,=1, m=1,2,3,4)
located at positions X;=(X;,Y1,Z1)=(5,2,1), that is, the
plane where Z=1; X,=(X3,Y9,Z9)=(2,3,0); Xj
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=(X3’Y37Z3)=(8;370); and X4=(X4,Y4,Z4)=(5,7,0),
which corresponds to the plane where Z=0. Thus this con-
figuration corresponds to one target located at the plane
Z =1 with three additional targets located at plane Z=0.
The probing aperture is located at the plane Z=15 as in
Fig. 4.

Figure 12 illustrates the slices of the respective pseu-
dospectrum image under 50 dB SNR for different values
of Z. We can observe clearly that the sharpest and
highest-valued images showing the correct scatterer posi-
tions correspond to the planes Z=1 and Z=0, as expected.
The corresponding singular values are plotted in Fig.
13(b). Furthermore, the singular values of the noiseless
condition have been plotted for comparison in Fig. 13(a).
In this case M =4 so that, theoretically, the dimensionality
of the signal subspace is expected to be M?=16. The noise-
less singular-value spectrum in Fig. 13(a) highlights the
first 16 singular values as being of much larger magni-
tude than the rest (corresponding to the associated noise
subspace). In Fig. 13(b), due to the added noise, the 16th
singular value is clearly closer to the 17th singular value.
The singular values whose values have changed more no-
tably from Fig. 13(a) to Fig. 13(b) are the ones for index
=17 (the noise subspace). It thus appears that, within
computational error, these plots exhibit the behavior
expected from the theory for point targets derived in Sec-
tion 3.

Consider next six unit-scattering-strength targets
located at positions X,=(X;1,Y1,Z,)=(2,6,1),
X2=(X29Y25Z2)=(8}6’1)’ X3=(X3’Y3’Z3)=(5’25 1)’
X4=(X4,Y4,Z4)=(2,3,0), X5=(X5,Y5,Z5)=(8,3,0), and
Xs=(Xg,Y5,Z6)=(5,7,0), so that this configuration corre-
sponds to three targets at plane Z=1 with three addi-
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Fig. 8. Slices of the pseudospectrum A[R=(X,Y,Z),R] under 20 dB SNR corresponding to different values of Z (different constant-Z

planes).
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Fig. 9. Minimum target separability (resolution) versus SNR of intensity-and-phase versus intensity-only data conditions, where the
latter involves the two variants (intensive and non-intensive). The upper curve corresponds to the case of intensity-only imaging via the
noncomputationally intensive signal-subspace-based method of this paper. The middle curve corresponds to the case of intensity-only
imaging via the computationally intensive signal-subspace-based method of this paper. As expected, the computationally intensive ver-
sion of the method outperforms its nonintensive counterpart. Finally, the lower curve corresponds to the case of time-reversal MUSIC
imaging using both amplitude and phase data. As expected, it clearly performs better than the approaches based on intensity-only data.

tional targets at plane Z=0. Again, the probing aperture
is located at the plane where Z=15 as in Fig. 4. Figure 14
shows the slices of the respective pseudospectrum image
under 50 dB SNR for different values of Z. The planes Z
=1 and Z=0 exhibit the sharpest resolution and highest
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values of the pseudospectrum, thereby correctly revealing
the scatterer positions. The corresponding singular values
are plotted in Fig. 15(b) along with the respective
singular-value spectrum under noiseless conditions in
Fig. 15(a). Once again, one notes that in this case, for
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Fig. 10. Slices of the pseudospectrum A[R=(X,Y,Z),R] for a second example under 24 dB SNR corresponding to different values of Z
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Fig. 11. Pseudospectrum A, [R=(X,Y,Z=0)] with far-field data gathered by placing the aperture in the same configuration as in Fig. 4
but with the aperture plane at Z=200 instead of at Z=15 (121 experiments). The peaks in the image correspond to the correct target

positions, as desired.

which M =6, the dimensionality of the signal subspace ap-
pears to be M?=36, in agreement with the derived imag-
ing theory for point targets.

We conclude this section with a canonical example
illustrating the approximate intensity-only signal-
subspace-based imaging for nonpointlike scatterers hav-
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ing further spatial structure (shape), as discussed in Sec-
tion 4. The illustrated example consists of imaging at
wavelength N =60 of the scatterer shown in Fig. 16, which
has the shape of a square loop and whose scattering po-
tential within this scatterer region is chosen to be unity
(corresponding to a pure dielectric object). The simulated
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Slices of the pseudospectrum A[R=(X,Y,Z),R] for a four-pointlike-scatterers case where the scatterers’ positions have been

divided between two different planes: one target is located at plane Z=1.0 and three additional targets at plane Z=0 under 50 dB SNR.
The slices correspond to different values of Z (different constant-Z planes).
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Fig. 13. Singular values of the data matrix for the case of four point-like scatterers under (a) noiseless conditions and (b) 50 dB SNR.

data were obtained by the Foldy-Lax multiple scattering
model applied to a computational grid that was different
from the grid employed later in the inversion to avoid the
so-called “inverse crime” (see also [23] for a detailed de-
scription of this computational approach).

The idea is to illustrate superresolving imaging capa-
bilities of the derived intensity-only signal-subspace-
based imaging. In selecting the approximate signal versus
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null subspaces from the data matrix, we adopted a meth-
odology analogous to the L curve method, see, e.g.,
[23,33]. The square imaging array is formed by 25X 25
=625, 1.4-units-of-length-separated point transmitters
(point sources) and receivers (photodetectors) (thus Np
=625 and Np=625). The nonintensive extended target
pseudospectrum A[R=(X,Y,Z),R] in Eq. (28) is illus-
trated for different values of Z in Fig. 17 under perfect
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Fig. 14. Slices of the pseudospectrum A[R=(X,Y,Z),R] for a six-pointlike scatterers case where the scatterers’ positions have been
divided between two different planes (Z=1.0,Z=0) containing an equal number of scatterers under 50 dB SNR. The slices correspond to

different values of Z (different constant-Z planes).
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Fig. 15. Singular values of the data matrix for the case of six pointlike scatterers under (a) noiseless conditions and (b) 50 dB SNR.

data conditions and in Fig. 18 for 50 dB SNR. The images
obtained for the correct target plane of Z=0 sharply re-
veal the square-loop scatterer, as desired. In addition, we
have incorporated the respective singular-value spectra
under noiseless condition [Fig. 19(a)] and 50 dB SNR [Fig.
19(b)]. In these simulations, the cutoff singular-value in-
dex has been estimated from the first knee in the log-scale
singular-value spectrum of the data matrix. As high-
lighted in Fig. 19 in the noise-free case, the cutoff corre-

sponds to the 90th singular value, while in the noisy case,
the cutoff corresponds to the 26th singular value.
Finally, we wish to mention that during the develop-
ment of the research reported in this paper we ran several
other near-field and far-field examples such as different
numbers of pointlike scatterers (between two and eight)
being interrogated by both coincident and noncoincident
transmit and receive apertures, as well as other extended
scatterers such as a basic linear scatterer and a (filled)

@® SCATTERERS
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X

Fig. 16. Imaging array formed by 25 X 25=625 elements and a square-loop scatterer whose shape we wish to deduce from scattered field

intensity measurements at the array.
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Fig. 17. Intensity-only pseudospectrum image for the square-loop scatterer under perfect data conditions. The sharpest image corre-

sponds to the correct target plane of Z=0, as desired.

square plate target. The cases considered incorporated
noiseless conditions as well as distinct values of SNR, and
further validated the derived signal-subspace-based
theory and methodology for intensity-only imaging estab-
lished in the paper.

6. CONCLUSION

We have developed a theory and methodology for
intensity-only signal-subspace-based imaging of both
small (pointlike) and more general nonpointlike scatter-
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ers having spatial structure (shape), that was motivated
by optical applications in which field phase information is
not available. Clearly the lack of field phase information
affects the reconstructions relative to the case where both
field amplitude and phase are available. For instance, the
method requires a higher minimal number of sensors
than the amplitude-and-phase counterpart (as we showed
in the theoretical discussion) and is also more sensitive to
noise (as we discussed with a canonical two-point-target
example in the computer simulations Section 5). But this
is the realistic situation in the optical regime wherein re-
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Fig. 18. Intensity-only pseudospectrum image for the square-loop scatterer under 50 dB SNR. The sharpest image corresponds to the

correct target plane of Z=0, as desired.
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Fig. 19. Singular values of the data matrix for the case of the square-loop scatterer under (a) noiseless conditions and (b) 50 dB SNR.

ceivers (photodetectors) measure only field intensity.
Thus the problem is both practically motivated and im-
portant, since this limitation must be coped with in prac-
tical optical imaging.

The proposed approach is a natural extension of the
time-reversal MUSIC method to the intensity-only
(nonfield-phase information) regime. It is based on a
clever linearization of the problem by the consideration
not of the original induced sources (due to the incident ex-
citation fields) but of another source function which still
holds information about the scatterer’s support. The de-
rived intensity-only signal-subspace-based imaging prin-
ciple has been illustrated with the aid of canonical nu-
merical examples.

Future directions include further simulations consider-
ing realistic conditions (using as reference commercially
available digital cameras), detailed Cramér—Rao bound
calculations as pertains to the intensity-only conditions,
and further comparative analysis relative to the more fa-
miliar full-phase information case. Finally, we also plan
to examine the possibility of embedding the scatterers in
other scatterers which can be known a priori, such as
ground planes, metamaterials, or other, to enhance both
the intrinsic imaging capabilities and the particular per-
formance of the intensity-only signal-subspace-based im-
aging method derived in this work. Such helper-
embedding media can create multiple scattering
interaction with the sought-after scatterer, helping to ex-
tract evanescent plane-wave spectral components of the
scatterer’s field, thereby facilitating better-resolved im-
ages. We plan to investigate these and related ideas in the
future.
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