
IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS 1

Adaptive Near-Optimal Compensation in
Lossy Polyphase Power Systems

Hanoch Lev-Ari,Fellow, IEEE,Ronald D. Herńandez,Graduate Student Member, IEEE,
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Abstract—The paper provides a formulation and solution for
the problem of optimizing power flows in polyphase power
systems with significant source (line) impedance. An optimal
solution considering significant line impedance has been already
obtained in recent works. Unfortunately, it relies on network and
load parameters that are not easy to determine during operation.
This motivates our approach in searching for a sub-optimal easy-
to-implement solution that relies only on measurements of the
load voltage and current so as to allow precise control of the
compensated load as well as the real power flowing out of the
compensator, while reducing line losses to within a few percent of
its theoretical minimum. Properties of the solution are illustrated
for an asymmetrical three phase induction motor supplied with
unbalanced non-sinusoidal voltages.

Index Terms—Compensation, Hilbert spaces, optimization
methods.

I. I NTRODUCTION

I N this paper we develop an adaptive procedure for power
compensation in systems with significant equivalent source

impedance. We consider a realistic scenario involving gen-
eral polyphase systems with harmonics, and our near-optimal
procedure does not require extensive knowledge of system
parameters.

Significant source impedance is common in spatially ex-
tended networks such as those in rural and suburban areas.
It is also present in the emerging class of micro-grids that
combine distributed sources and loads. Variations in the equiv-
alent source impedance are also increasingly common due to
more frequent switching of components in transmission and
distribution systems that include distributed energy resources.

The effects of source impedance on power transfer are
twofold: it reduces the efficiency of the energy transfer and
it may lead to instabilities due to resonances and other
unexpected interactions between the impedance and the system
components [1]. Additionally, large source impedance and
unbalance may complicate local control of power electronic
converters [2].

The role of compensation in power system efficiency opti-
mization is to reduce the power consumption of the Thevenin
equivalent source (or “line”) impedance, so that most of the
source power is delivered to the load (Fig. 1). A classical result
by Fryze [3] states that when the voltage drop across the line
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impedance is negligible in comparison with the load voltage,
i.e., when ‖vs(t)−v(t)‖ ≪ ‖v(t)‖ then the smallest possible
source currentis(t) (in rms) is

iF (t) =
P

(u)
load

‖v‖2
v(t)

where P
(u)
load is the original real (average) power delivered

to the load without compensation (uncompensated load), and
‖v‖ denotes the rms value of a waveformv(t). Recently
we have put compensation (with negligible voltage drop) in a
convenient geometric (Hilbert space) setting, and determined
optimal solutions under unequal line resistances and band-
width limitation on the compensator current [4–6].

However, when the source impedance becomes significant
(namely, a few percent of the load impedance, or higher) the
traditional Fryze current is no longer the smallest (by rms)
line current that supplies the same real power to the load as
the original load current. In that case, every adjustment in
the compensator current results in a change of voltage load,
which in turn, requires further adjustments in compensator
current. Furthermore, the theoretically-optimal compensator,
as derived in [7], [8], depends on both the equivalent source
impedance and the current-voltage characteristic of the load.
Such information is usually difficult to obtain, especiallyin
view of the time-varying nature of network parameters. The
knowledge of the achievable (optimal) system compensation
is important in all electric energy systems, as it establishes
limits of technical performance that can be used as a yardstick
for ranking different compensation methods. A summary of
relevant concepts and results from [7], [8] is provided in
Sec. III.

The compensation setup that we consider is similar to the
one addressed in [9]. However, our solution does not require
knowledge of all network parameters, as we achieve robust-
ness through adaptation. This may prove advantageous in
applications, as the behavior of actual systems often includes
significant parameter variations at different frequenciesand at
different operating conditions [10]. Our solution points out to
need for real-time collaboration and coordination betweenthe
electric energy supplier (e.g., a utility) and loads in the sense
that optimal compensation requires adjustments of both load
current (commonly considered the purview of the customer
[11] and of the source voltage (typically the domain of the
supplier). Our findings are consistent with results reported
in [12], [13] that stress the need for collaborative controlin
efficiency-optimized energy networks.
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Fig. 1. Load compensation in a power delivery system.

In this paper we introduce an adaptive near-optimal com-
pensation scheme that relies only on measurements of the load
voltage and current or, equivalently, on the phasor description
of these waveforms. Our compensator tracks variations in
both network and load conditions, continuously adjusting the
polyphase waveform icomp(t) so as to reduce the power
dissipated in the source impedance, for both linear and nonlin-
ear loads. To be specific, this compensation algorithm allows
precise control ofPcomp , the real power flowing out of the
compensator, as well asPcload , the real power delivered
to the compensated load (i.e.,Pcload = Pload − Pcomp),
while reducing Pline , the power dissipated in the source
impedance, to within a few percent of its theoretical minimum.
Normally we set Pcomp = 0, but other “target” values are
possible.

The heart of our adaptive compensation scheme is the
concept ofquadrature Fryzecompensation (quad-Fryzefor
short), which was introduced in [7]. The objective of a
quad-Fryze compensator is to adjusticomp(t) so that the
compensated load is linear and time-invariant with a current-
voltage characteristic given by

is(t) = αv(t)− βH{v(t)}. (1)

Here α, β are real-valued coefficients andH{·} repre-
sents the Hilbert transform of a signal. In other words, the
compensated line current is a linear combination of the load
voltage v(t) and its Hilbert transformH{v(t)}. We call this
compensation method “quadrature Fryze” because the Hilbert
transform imparts a 90◦ phase delay to v(t). It was
demonstrated in [7] that the performance of this (implicit)
compensation scheme is often very close to the theoretical
optimum even in the presence of significant source impedance.
A detailed discussion of the quad-Fryze compensation method
is provided in Sec. IV.

We evaluate the performance of our adaptive compensa-
tion scheme by comparing it with the theoretical optimum,
using results from [8]. In particular, we use theuniversal
performance bound, as well as severalcross-sectioncurves
(Fig. 2) obtained by imposing a constraint on the value of
Pcomp . The construction of such optimal performance curves
requires explicit knowledge of network and load parameters
(see details in Sec. III). Each cross-section curve describes the
theoretical minimum for Pline as a function of Pcload for
a prescribed level ofPcomp . Naturally, our primary interest
in steady-state is the cross-section curve forPcomp = 0 (the
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dotted line in Fig. 2). The universal performance bound (solid
line in Fig. 2) describes the theoretical minimum forPline as
a function of Pcload , with no constraints onPcomp . Thus
this bound is the lower boundary for all cross-section curves:
points below this boundary are not feasible for the given
(polyphase) source voltage and impedance.

The two parametersα and β in (1) can be used to control
the values ofPcomp and Pcload . Our adaptive compensation
algorithm adjusts these two control parameters to achieve the
prescribedPcomp , Pcload values, relying in the process only
on dynamic phasor information about the load current and
voltage (see Sec. V for details).

Our adaptive compensation scheme maintainsPcomp ≈ 0
at all times, and converges, under steady-state network and
load conditions to Pcomp = 0,1 while reducing the energy
loss in the line very nearly to its theoretical minimum. In
addition, the algorithm can be adaptively steered to adjust
Pcload to any desired value up toPnom , the nominal power
that would be delivered to the load in the absence of any
line/source impedance. Notice that prescribing aPcload value
near Pnom must come at the cost of increasedPline , as is
evident from the cross-section curves in Fig. 2.

The remainder of the paper is organized as follows. In
Sec. II we formulate the adaptive compensation problem using
concepts and results from [4–7]. The most important of these
concepts are the quad-Fryze compensator, which we describe
in detail in Sec. IV, and optimal performance curves, which
are introduced in Sec. III. We demonstrate in Sec. V that the
performance of our adaptive compensation algorithm remains
close to optimum both during the convergence stage and
in steady-state. Finally, we provide concluding remarks in
Sec. VI.

II. PROBLEM FORMULATION

The Hilbert space terminology of [4] is used here to
formulate our objectives and derive our results. Thusv(t) and
i(t) are row vectors representing polyphase load voltage and
current, respectively, which we view as elements in a Hilbert
space ofn-phase,T -periodic, square-integrable waveforms,

1Alternatively, one can prescibe any desired (non-zero) value for Pcomp .
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with the inner product represented by

〈x, y〉 def
=

1

T

∫

T

x(t)y(t)⊤dt (2)

where the superscript⊤ denotes transposition.
This inner product can also be evaluated in terms of the

Fourier coefficientsXl , Yl of the polyphase waveformsx(t),
y(t), namely

〈x, y〉 = ℜ{XYH} (3a)

where the subscriptH indicates conjugate transpose, andX is
a one-sided phasor array, viz.,

X def
= [X0

√
2X1

√
2X2 . . . ] (3b)

consisting of the row-vector Fourier coefficients

Xl =
1

T

∫

T

x(t)e−jlwtdt (3c)

and similarly for the phasor arrayY, which represents the
waveformy(t).

The behavior of the power delivery system of Fig. 1 is
determined by the current-voltage characteristic of the load
and the (frequency-domain) circuit equations

I = Is + Icomp (4a)

V = Vs − IsZs (4b)

whereZs is a complex-valued matrix representing the linear
time-invariant source impedance, andI, Is , Icomp , V, Vs are
the phasor arrays associated with the polyphase waveforms
i(t), is(t), icomp(t), v(t), vs(t), respectively.

These circuit equations establish a one-to-one correspon-
dence between the source currentIs and the compensator
currentIcomp (when we consider a fixedVs, Zs andY). This
is straightforward to establish for a linear load, whereI = VY
with the matrixY representing the load admittance. Indeed,
from (4) we can get

Is = (Vs − IsZs)Y − Icomp

so that
Is = (VsY − Icomp)(I + ZsY)−1 (5a)

and

V = Vs − IsZs

= (Vs + IcompZs)(I + YZs)
−1.

(5b)

In the linear case, nonsingularity of the matrix(I+ZsY) is the
only condition needed to ensure one-to-one correspondence
betweenIs andIcomp . This condition is almost always met,
either because‖ZsY‖ is small, or because the eigenvalues of
ZsY have a positive real part (see Appendix A for further
details).

The performance of any compensator, including the one we
introduce in this paper, can be evaluated in terms of three real
(average) power quantities:
• The power Pline dissipated in the equivalent source

impedance, viz.,
Pline

def
= IsRsIH

s (6a)

where
Rs

def
=

1

2
{Zs + ZH

s }. (6b)

• The powerPcload delivered to the compensated load, viz.,

Pcload
def
= ℜ{IsVH} = ℜ{IsVH

s } − Pline. (7)

• The powerPcomp flowing out of the compensator, viz.,

Pcomp
def
= ℜ{IcompVH}
= ℜ{IVH} − Pcload.

(8)

Notice that our expressions useIs, rather thanIcomp, as the in-
dependent variable. In view of the one-to-one relation between
Icomp and Is , different compensator settings correspond to
different choices ofIs . In particular, both the quad-Fryze
compensator of [7] and the theoretically optimal compensator
of [8] are described in terms of the desiredIs (recall, e.g. (1)).
This facilitates getting analytical results, but makes it rather
difficult to implement these compensators.

Our main objective is to construct an adaptive compensation
algorithm that is easy to implement (and hence specifies
Icomp directly), relies only on the phasor arraysI and V
corresponding to the load, and converges to a steady-state
that is very near the theoretical optimum. This means we
wish to achieve in steady-state prescribed values ofPcload and
Pcomp (usually Pcomp = 0), while reducingPline to almost
its theoretical minimum. Moreover, our adaptive algorithm
should be able to track changes in the line (and the load)
characteristics.

III. O PTIMAL PERFORMANCECURVES

In order to evaluate the performance of our adaptive com-
pensation scheme in the presence of non-negligible source
impedance, we shall use the concept of optimal performance
curves, originally introduced in [8]. The first step towardsthe
construction of such curves is to obtain explicit expressions for
the three criteria of interest —Pline , Pcload andPcomp — as
a function of the source currrentIs .

Following the practice in [8] we use here the normalized
independent vector variable

X def
=

1√
Pnom

IsR1/2
s (9a)

wherePnom is the nominal power that would be delivered to
the load in the absence of the line impedance. This allows us
to obtain the expressions

Pline

Pnom
= XXH = ‖X‖2 (9b)

and
Pcload

Pnom
= X ξH + ξXH −XXH (10a)

where
ξ

def
=

1

2
√

Pnom

VsR−H/2
s . (10b)

Notice that
Pcload

Pnom
= 2ℜ{X ξH} − Pline

Pnom

≤ 2‖X‖‖ξ‖ − Pline

Pnom

(11)
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which gives us the universal performance bound of [8], viz.,

Pcload

Pnom
≤

√

Psc

Pnom
.

√

Pline

Pnom
− Pline

Pnom
(12)

wherePsc
def
= VsR−1

s VH
s .

Thus feasible (Pline,Pcload) combinations, under any com-
pensation scheme, must satisfy the inequality (12), and cor-
respond to points above the universal performance curve in
Fig. 2. Notice that this curve depends only on the source
voltage and impedance, and is completely independent of the
load.

In contrast, the expression forPcomp is explicitly dependent
on the load, as is the value ofPnom . The case of a linear load
was analyzed in [8], where it was shown that

Pnom
def
= VsGVH

s (13a)

where
G def

=
1

2
(Y + YH), (13b)

as well as

Pcomp

Pnom
= XAXH −XηH − ηXH + 1 (14a)

where
A

def
= I + (R−1/2

s Zs)G(R−1/2
s Zs)

H (14b)

and

η
def
=

1√
Pnom

Vs

[

1

2
I + GZH

s

]

R−H/2
s . (14c)

For a nonlinear load we can determinePcomp only by nu-
merical calculation, which solves the nonlinear equationsthat
determine the mapIs → V → I → Icomp → Pcomp (See
Appendix A).

Our main objective here is to determinecross-section curves
corresponding to fixed values ofPcomp . A cross-section curve
defines the smallest possible value ofPline , as a function of
Pcload , for all compensators that achieve a prescribed value
of Pcomp . Here we shall limit our discussion to linear loads,
for which one needs to solve a quadratic cost, quadratically-
constrained optimization problem. As explained in [8], this can
be accomplished via the Lagrange multiplier method, resulting
in the optimal (scaled) source current

Xopt = (νξ + λη) [(1 + ν)I + λA]
−1 (15)

whereν, λ are the Lagrange multipliers. Cross-section curves
are obtained by finding all the(ν, λ) pairs that satisfy the
constraint

XoptAXH
opt − 2ℜ{Xoptη

H}+ 1 =
Pcomp

Pnom
(16)

for a givenPcomp value.
One way to accomplish that is by searching the(ν, λ)

plane along radial directions. In other words, we use a polar
representation of the Lagrange multipliers, viz.,

ν = ρ sin φ , λ = ρ cos φ (17)

and search for the prescribed value ofPcomp by varying ρ
for a fixed value ofφ. This results in a set of(ν(φ), λ(φ))

pairs representing a given constant value forPcomp , say
Pcomp = 0. WhenPline andPcload are evaluated using these
(ν(φ), λ(φ)) pairs of values we get the desired cross-section
curve, representingPline,opt as a function ofPcload for a fixed
Pcomp (see Fig. 2). This can be repeated for several useful
values ofPcomp . The cross-section curves described in Fig. 2
allow us to obtain the best trade-off betweenPline andPcload

achievable for the compensator whether it is supplying power,
consuming power, or working under lossless conditions.

As an example, consider the case of a three-phase induction
machine rated at25kW , supplied from an unbalanced source
(variations of roughly10% in magnitude and phase, with no
zero sequence) that contains the fundamental and the fifth
harmonic. The numerical values, which are the same as in
[7], are provided in Appendix B.

We now observe that the smallestPline achievable with a
lossless compensator (dotted line in Fig. 2) is1, 418W and the
correspondingPcload = 18, 660W . If we attempt to supply the
nominal power to the load, which in our example corresponds
to Pcload = 22, 750W , then it is necessary to compromise on
the power loss in the source impedance, i.e.,Pline has to be
increased to2, 376W .

The family of all possible cross-section curves, for all pos-
sible values ofPcomp is bounded from below by the universal
performance bound given by (12). This boundary curve (solid
line in Fig. 2) corresponds to the smallestPline that can be
achieved for a prescribedPcload , with no constraints imposed
to the value ofPcomp . It can also be determined directly from
(15) by settingλ = 0.

IV. QUAD-FRYZE COMPENSATION

Our proposed adaptive compensation scheme is based on
the concept of quad-Fryze compensation [7]. A quad-Fryze
compensator is one that achieves, in steady-state,

is(t) = αv(t)− βH{v(t)}, (18a)

for some constantsα, β. In the frequency domain this trans-
lates into

Is = γV, γ = α + jβ. (18b)

This means that the compensated polyphase load is linear,
time-invariant and balanced with no coupling between phases,
and with a constant star-connected admittance equal toγ.
When β = 0 this is simply a star-connected balanced,
resistive load which is indeed the ideal load in situations where
‖Vs − V‖ ≪ ‖Vs‖. However, allowing forβ 6= 0 makes
it possible to “fine-tune” the quad-Fryze compensator in the
presence of a non-negligible (but not excessively large) line
impedance.

The steady-state phasor relation (18b) implies, in conjunc-
tion with (4b), that the voltage across the load is given by

V = Vs(I + γZs)
−1 (19)

for the most general (e.g., nonlinear) load. Notice thatIs, and
consequentlyV, rely on two real-valued design parameters —
α andβ — which makes it possible to satisfy the two desired
constraints onPcomp andPcload . Actually, there exists a one-
to-one correspondence between the pair(α, β) and the pair
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(Pcomp, Pcload), as illustrated in Fig. 3. Notice that lines of
constantα are almost straight lines, all appearing to emanate
from the origin(Pcload = 0 = Pcomp) . In particular, the line
α = 0.38 very nearly corresponds toPcomp = 0: this suggests
that our objective of lossless compensation can be achievedby
controlling the value ofα. Once the constraint ofPcomp = 0
has been satisfied (in this example by settingα ≈ 0.38), we are
free to vary the value ofβ so as to achieve a desired value of
Pcload . Notice that the relation betweenβ andPcload, along
a line of constantα, is monotone increasing. For instance,
selectingβ in the range0 ≤ β ≤ 0.2 (with α = 0.38) results
in Pcload values in the range19.1KW ≤ Pcload ≤ 22KW .
Furthermore, we notice that it is possible to adjustβ so that
Pcload = Pnom = 22, 750W while Pcomp = 0.

The plotting of Fig. 3, and the choices forα and β
values rely on specific information about network and load
parameters, which makes a direct implementation of the quad-
Fryze compensator rather impractical. However, ouradaptive
algorithm adjusts the values ofα and β to achieve the
prescribedPcomp and Pcload values, relying in the process
only on measurements of the load current and voltage (see
Sec. V).

The values ofPline , Pcomp and Pcload associated with a
quad-Fryze compensator can be evaluated via (19) and the
expressions (6) – (8). Thus

Pline = |γ|2VRsVH , Pcload = α‖V‖2 (20a)

for any load. Also, for alinear load,

Pcomp = V(G − αI)VH . (20b)

In particular, in asingle-phasesystem with sinusoidal excita-
tion and a linear load we observe thatPcomp = (g − α)|V |2,
where “g” is the load conductance and “V ” is the (scalar)
phasor associated with the load voltage. In this very special
case Pcomp = 0 is achieved by settingα = g, regard-
less of the value ofβ. Our polyphase, poly-harmonic ex-
ample (Fig. 3) demonstrates that the same relation, namely
Pcomp = 0 ⇐⇒ constantα value, is still valid in general,
so long as the voltage drop index‖Vs−V‖

‖Vs‖
does not exceed

several percent. In our example, this voltage drop index is
around16%.

The quad-Fryze compensator becomes optimal (withβ = 0)
when ‖Vs−V‖

‖Vs‖
↓0 . However, we will demonstrate via an
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example in Sec. V that it is very nearly optimal even in
the presence of a non-negligible line impedance. Indeed, the
quality of the “match” between quad-Fryze and theoretically
optimal performance depends on how “non-negligible”Zs is.

The expressions (20) allow us to determine the quad-Fryze
equivalent of the cross-section curves of Fig. 2, i.e., the
Pline − Pcload tradeoff achieved by a quad-Fryze compen-
sator with a prescribed value ofPcomp . The results for our
induction machine example indicate that the performance of
the quad-Fryze compensator is almost indistinguishable from
the theoretical optimum (see Fig. 4, solid curves represent
quad-Fryze solutions while dashed curves represent optimal
solutions), i.e., less than3% of difference between quad-Fryze
and optimalPline values when0.60Pnom ≤ Pcload ≤ Pnom

for all Pcomp . Notice that the best match between quad-Fryze
and optimal curves is around the minimum point of the cross-
section curves.

The basic challenge is to implement the quad-Fryze com-
pensator, i.e., to findIcomp such thatIs = γV is achieved
without knowingZs or the load characteristics. We can rely
however on our ability to measureI, V whenever needed. In
the following section we present an adaptive version of the
quad-Fryze compensator that uses onlyI, V.

V. A DAPTIVE NEAR-OPTIMAL COMPENSATOR

The adaptive algorithm that we introduce in this section
aims to enforce the quad-Fryze constraintIs = γV in
steady state. This is achieved by a repeated application of the
compensation rule

Icomp(k + 1) = I(k)− γV(k). (21)

Each time we change the current supplied by the compensator,
i.e., from Icomp(k) to Icomp(k + 1), the load current and
voltage experience a transient and eventually stabilize ata
new set of values{I(k + 1),V(k + 1)}. Once the transient
has died-off we can apply (21) again to setIcomp to a new
value.

Thus, the iteration (21) generates a sequence{I,V} of
load current-voltage pairs that converges (under mild technical
constraints) to an equilibrium point of (21). This equilibrium
is

Is(∞) = I(∞)− Icomp(∞) = γV(∞).
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so that our objective of implementing quad-Fryze compensa-
tion, for a prescribed value ofγ, is achieved.

The rate of convergence is determined by the voltage drop
across the line impedance: higher values of the relative voltage
drop‖Vs − V‖ / ‖Vs‖ result in slower convergence. When this
relative voltage drop is negligible our iteration (21) converges
in a few steps (ideally in a single step).

We now turn to study the conditions for convergence of our
iterative adjustment procedure (21).

A. Equilibrium and convergence

The dynamics of the compensator-load system can be de-
scribed in terms of two maps:
• the iteration (21), which maps{I(k),V(k)} into a new

compensator currentIcomp(k + 1).
• the response of the network (including the load),

which mapsIcomp(k + 1) into a new current-voltage pair
{I(k + 1),V(k + 1)}.
This closed-loop feedback system is said to be in equilibrium
if setting the compensator current according to (21) results in
no transients and no change in the load current and voltage.
Thus equilibrium is characterized byIcomp = I − γV or,
equivalently,Is ≡ I − Icomp = γV, which corresponds to
quad-Fryze compensation. Notice that for a fixedγ this is
unique, because we know from Sec. IV that the condition
Is = γV is satisfied by a single set of voltages and currents
determined byV = Vs(I + γZs)

−1. Recall that the collection
of the equilibrium points as a consequence of the implemen-
tation of the quad-Fryze policy for predetermined values ofγ
describes a curve that is nearly optimal as seen in Fig. 4.

We turn now our discussion to the convergence analysis of
our adaptive compensator. When the load is linear we can use
(5b) to establish a simple expression for the network response,
viz.,

V(k + 1) = [Vs + Icomp(k + 1)Zs] [I + YZs]
−1

, (22)

which, combined with (21) results in a linear difference
equation for the load voltage, viz.,

V(k + 1) = V(∞)− V(∞)A+ V(k)A, (23a)

where
V(∞)

def
= Vs(I + γZs)

−1 (23b)

and
A def

= (Y − γI)Zs(I + YZs)
−1. (23c)

A detailed derivation is provided in Appendix C. This can be
further simplified to

ǫ(k + 1) = ǫ(k)A , ǫ(k)
def
= V(k)− V(∞), (24)

which admits the explicit solutionǫ(k) = ǫ(0)Ak. It is well
known that‖ǫ(k)‖ −→ 0 if, and only if, all the eigenvalues of
A are strictly within the unit circle, namely,max{|λi(A)|} <
1 . For the case whenγ is fixed, our convergence analysis
reduces to the examination of the eigenvalues of the constant
matrix A. In particular, we can explore this “convergence
region” in terms ofα, β as shown in Fig. 5 for our example.
Notice that the range ofα, β values shown in Fig. 3, namely

−1.5 −1 −0.5 0 0.5 1 1.5
−1.5

−1

−0.5

0

0.5

1

α

β

convergence region

       0.30<α<0.46    
 −0.50<β<0.30

Fig. 5. Convergence region in terms ofα, β for max{|λi(A)|} ≤ 1.

0.30 ≤ α ≤ 0.46 and−0.50 ≤ β ≤ 0.30, is well within this
convergence region.

Our next step is to propose anadaptive adjustmentof α
that will produce a prescribed value ofPcomp (most often
Pcomp = 0) using only I(k),V(k) and β values. Once the
desired value ofPcomp has been achieved we shall turn to
obtain a desired value ofPcload by adjustingβ. During this
process we rely only on relations that involveI, V (and γ),
but nothing else.

B. Adaptive adjustment ofα

The complex scalarγ in our iterative procedure (21) can
be used to control the steady state values of bothPcomp and
Pcload, as suggested by our preliminary analysis in Sec. IV
(recall Fig. 3). We propose to use an adjustable value ofα
given by

α(k) = ℜ{γ(k)} =
ℜ{I(k)VH(k)} − Pcomp,desired

‖V(k)‖2
(25)

with the objective of enforcing a prescribed value onPcomp

(which constitutes a priority over enforcingPcload in this step).
This expression is motivated by the observation that in steady
state

Pcload = α‖V‖2 = ℜ{IVH} − Pcomp ,

which follows from (8) and (20a).
This means that our adaptive algorithm is, in fact,

Icomp(k + 1) = I(k)− [α(k) + jβ]V(k), (26)

with α(k) given by (25). This recursion has the same unique
equilibrium point as (21), namelyIs(∞) = γ(∞)V, so that
(recall (8) and (20a))

Pcomp(∞) = ℜ{I(∞)VH(∞)} − α(∞) ‖V(∞)‖2

= Pcomp, desired

where we also used (25) withk =∞.

C. Adjustment ofβ

We now turn to select a value for the parameterβ in (26)
so as to achieve the desired level ofPcload in equilibrium.
When the line and load parametersZs, Y are known, we
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Fig. 6. Pcload versusβ for different values ofPcomp.

can determine the explicit relation betweenPcload andβ (Fig.
6). Because this relation is smooth and monotone increasing,
one can use a variety of search procedures to determine the
correctβ for a desiredPcload value. However, our objective
is to develop a procedure for adjustingβ that does not rely on
knowledge of eitherZs or Y.

From a mathematical standpoint, our problem is to solve
the (nonlinear) equationf(β) = Pcload,desired , wheref(·) is
the monotone increasing function shown in Fig. 6. This could
be done, for instance, via a Newton-Raphson type procedure
when an explicit expression forf(β) is available. However,
since our goal is to rely on measurable quantities — namely
I, Is andV — we need to use an “equation free” approach,
such as thesecant method, viz.,

βi+1 = βi−
βi − βi−1

P̄cload, i − P̄cload, i−1

[

P̄cload, i − P̄cload, desired

]

,

(27a)
For computational convenience we use here normalizedPcload

values, viz.,

P̄cload =
Pcload

Pnom
. (27b)

so thatP̄cload,i is the normalized value ofPcload achieved with
βi.

A graphical illustration of the secant method is provided in
Fig. 7 starting with two given input-output pairs (points1
and 3 ) to determine a straight line connecting these points.
This approximates the tangent line used in a Newton-Raphson
type procedure. Next, we extend this line until it intersects (at
point 4 in Fig. 7) the levelPcload,desired and determines the
correspondingβ2 value.

Notice that the recursion (27a) is initialized with a choiceof
β0 andβ1. A reasonable choice forβ0 would beβ0 = 0, since
it tends to generate a near-optimal value for the line lossPline

(see Fig. 8a). The selection ofβ1 has to be consistent with
the monotone increasing nature of the curves in Fig. 6, so that
β1 > β0 whenPcload,desired > Pcload,0 , which is usually the
case. One possible choice forβ1 is via the expression β1

α0(∞) =

tan(Φ), where Φ is some problem-independent choice. For
instance, the value in Table I was obtained withΦ = 35°.
More research is needed to determine a universally efficient
choice forΦ.

In summary, our adaptive compensation algorithm operates
in two time scales:

Fig. 7. Iterative adjustment ofβ to get desiredP̄cload.

• fast time scale (steps): for eachβi we run the adaptive
algorithm (26) producing a sequence ofαi(k) values until
convergence is achieved withαi(k) → αi(∞). The value of
β remains fixed (atβi) throughout this transient adjustment
process.
• slow time scale (stages): we determineβi+1 via (27a),

using βi, βi−1 and the steady state valuePcload,i(∞) =
αi(∞) ‖Vi(∞)‖2 achieved when (26) has converged.
Once the value ofβ is changed fromβi to βi+1 the system is
no longer in equilibrium: the value ofα has to be readjusted
using (26), (25) until a new equilibrium is achieved, with a
new value ofPcload, as well as new load current and voltage,
and a new value ofPline.

Table I shows the sequence of steady-stateα, Pline , Pcload ,
Pcomp values associated with theβi for i = 0, 1, 2, 3. Notice
that the steady stateαi(∞) values are practically independent
of the βi values: this is consistent with our observations in
Section IV about Fig. 3. Also notice that the desiredPcload

is achieved after three adjustments ofβ, while Pcomp = 0 is
maintained.

TABLE I
STEADY-STATE VALUES AT THE END OF EACH SEGMENT OF THE

TRAJECTORY(DOTTED LINE) IN FIG. 8A

Eq. point β α Pline Pcload Pcomp

uncomp. — — 1,944W 16,080W 0
0 0 0.383443 1,442W 19,286W 0
1 0.269715 0.382797 2,591W 23,199W 0
2 0.238770 0.382872 2,354W 22,704W 0
3 0.241666 0.382859 2,375W 22,750W 0

The gradual adjustment process achieved by our adaptive
algorithm is illustrated in Fig. 8, which shows both steady state
points (shown by ‘◦’ marks) and transient points (shown by
‘×’ marks). A dotted line connects the various points, defining
a trajectory in thePcload/Pline plane. Notice that the steady-
state points lie exactly on the quad-Fryze cross section curve
corresponding toPcomp = 0 (solid line in Fig. 8b), while the
transient points do not. ThusPline achieves its near-optimal
value in the i-th segment only whenαi(k) has converged.
During the transient stage ofαi(k) adjustment,Pline can be
quite different from its optimal value.

The convergence trajectory starts under conditions of an
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Fig. 8. (a) Convergence trajectory of the adaptive near-optimal compensator
for Pcomp(∞) = 0, Pcload(∞) = 22, 750W . (b) Zoomed-in view of
the final adaptation stage. Solid line represents quad-Fryze solution for the
Pline − Pcload trade-off whenPcomp(∞) = 0.

uncompensated load (black circle in Fig. 8a): in the absence
of the compensator, the power loss in the source impedance of
our example is1, 944W , and the power delivered to the load is
16, 080W . The first steady state point, achieved withβ0 = 0,
lies very near the minimum of the cross section curve. Notice
thatβ (andPcload) keep increasing during the initialβ-search
steps, but eventually oscillate up and down until convergence
is achieved withPcload(∞) = Pcload,desired = 22, 750W ,
where it is clear that our ability to enforce a desired value for
Pcload (in this examplePcload,desired = Pnom) comes at the
expense of an increase inPline.

D. Transient behavior

During the transient stage ofα(k) convergence all three
power quantities —Pline , Pcomp , Pcload — undergo a
transient whileα(k) is being adjusted. The transient behavior
of Pline andPcload is evident in Figs. 8a, 8b (shown by ‘×’
marks). However, in order to observe the transient inPcomp

we will use a separatePcomp vs. Pcload plot (Fig. 9).
Notice that Pcomp experiences a significant overshoot

(dashed line in Fig. 9) at the beginning of each adaptation
stage, right after the value ofβ is changed (namely fromk = 0
to k = 1 in (26)). This overshoot is particularly noticeable in
the first two adaptation stages (β0 andβ1). This overshoot vi-
olates our objective of maintainingPcomp(k) ≈ Pcomp,desired

throughout the adaptation process. In particular, notice that
in our example, withPcomp,desired = 0, there is one instant
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Fig. 9. Comparison of the trajectory with significant overshoots versus the
effect of usingµ0 alone withµ1 = 0 in the trajectory.
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Fig. 10. Comparison of the trajectory with significant overshoots versus the
trajectory with minimal overshoots.

in which the compensator is required to supply more than
1, 300W .

This problem can be mitigated by a short-term increase in
the value ofα(k), since higherα-values result in lowerPcomp

values (recall Fig. 3). This can be achieved, for instance, by
including additional temporary scaling of the value ofα(k),
but maintaining the recursion formula (26) as before, so that

γ(k) = [1 + µ(k)]α(k) + jβ, (28)

whereµ(k)→ 0 ask →∞.
When the values ofZs andY are known in advance, the

sequenceµ(k) can be chosen to optimize the performance,
i.e., reduce the “overshoots” and “undershoots” in terms of
the difference betweenPcomp(k) andPcomp,desired .

From Fig. 3, it is intuitively plausible to think that to get
Pcomp ↓ we need to increaseα, henceµ(k) > 0, especially
at the beginning of the iteration process. Since the overshoot
occurs mostly in the first adaptation step (i.e., fork = 0 in
(26)), one simply choice forµ(k) is to setµ(k) 6= 0 only for
k = 0. However, this still leaves a residual overshoot in the
first segment of trajectory whenβ = 0, albeit a smaller one
(solid line in Fig. 9), so that we opt to use

µ(k) =

{

µ0, k = 0

µ1η
k−1, k ≥ 1,

(29)

which leaves us with the challenge of selectingµ0, µ1 and
η without relying on prior information about network and/or
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load parameters. Though optimal adaptive selection ofµ0, µ1,
η is still an open research problem, we are able to demonstrate
that (29) can dramatically reduce the undesired overshoot in
Pcomp .

We found by trial and error that the valuesµ0 = 0.037,
µ1 = 0.0095, and η = 0.67 appear to work well in our
example, resulting in an almost unnoticeablePcomp transient
(solid line in Fig. 10). Notice that in our example the first
overshoot to be mitigated will be the same no matter what
is the desiredPcload (taking into account that our interest
is focused on situations wherePcomp,desired = 0) since our
adaptive algorithm is starting withβ = 0.

We have found that the technique (28) and (29) works well
during the first adaptation stage (withβ0 = 0). To overcome
the overshoot in subsequentβ-search stages we chose instead
to implement the change fromβi to βi+1 , as given by (27a),
not in a single step but as a sequence of smaller changes, each
one of sizeβi+1−βi

Mi+1
, where we choseM1 = 55 andMi = 10

for i ≥ 2. Notice that increasingMi reduces the overshoot
in the (i)-th stage, but increases the number ofα-adjustment
steps for this stage. Our choices represent a tradeoff between
these two competing measures of performance. The effect of
these choices can be appreciated in Fig. 10 (solid line) where
we can observe that the overshoots in allβ-search steps have
been significantly reduced.

Figure 11 presents the performance of the convergence
trajectory in thePline/Pcload plane where it is evident that the
reduction ofPcomp overshoots results in a smoother adaptation
trajectory, as compared with the one in Fig. 8a. In addition,
observe that after the first segment of the trajectory the
adaptive algorithm is very nearly on the theoretical optimum
(dash-dot line), even during adaptation transients.

VI. CONCLUDING REMARKS

Our adaptive procedure scheme for load compensation in
an (unbalanced) polyphase power system relies only on in-
stantaneous (dynamic) phasors obtained from measurements
of the load voltage and current. It achieves nearly optimal
performance even when the source impedance is not negligible
in comparison with the load impedance. We used the notion
of cross section curves, derived from the theoretically-optimal
performance bounds of [7], [8], to demonstrate the near-
optimality of our compensation scheme.

Our adaptive compensation scheme converges to a “quad-
Fryze” steady state mode of operation, in which the compen-
sated line currentis(t) is a linear combination of the load
voltagev(t) and its Hilbert transformH{v(t)}. In the domain
of phasors this relation isIs = (α + jβ)V. We adjust the
values of the control parametersα andβ to achieve prescribed
values forPcomp and Pcload, respectively. In particular, for
Pcomp = 0, our results show that the steady-state value ofα
is almost independent of the prescribed value ofPcload.

During the transient stage of our adaptation procedure the
value of Pcomp may deviate significantly from its desired
steady-state value. We have outlined two distinct techniques
for reducing such transient oscillations, and have demonstrated
their ability to maintain manageable behavior during adapta-
tion.

Optimality operation is hard to implement because it relies
onZs andY (and even harder for a nonlinear load), however it
opens the possibility of networked collaboration as an implicit
way of knowingZs without measuring it and also improving
compensation in general, which constitutes an ambitious chal-
lenge to be met in our following studies.

APPENDIX A
RELATION BETWEEN Is AND Icomp

In order to determine the polyphase load voltagev(t) and
load current i(t) we need to consider the circuit equations

i(t) = is(t)+icomp(t) , vs(t) = v(t)+Zs {is} (t) (30a)

and the load current-voltage relation

i(t) = Yℓ {v} (t) . (30b)

Here Zs {·} is an operator that describes the voltage-current
relation of the source impedance, whileYℓ {·} denotes an
operator that maps the voltage applied across the load into the
resulting current flow through the load. WhileYℓ {·} can,
in general, be nonlinear, it is reasonable to assume that
Zs {·} is a linear time-invariant operator. In the absence of a
compensator, the load voltage and current satisfy the nonlinear
equation

vs(t) = v(t) + Zs {Yℓ {v}} (t) , (31)

which involves thecompositionof the operatorsYℓ {·} and
Zs {·}. When a compensating currenticomp(t) is present,
the fundamental nonlinear equation, obtained by eliminating
both is(·) and i(·) from (30a)-(30b) becomes

vse(t) = v(t) + Zs {Yℓ {v}} (t) , (32)

where vse(t) , vs(t) +Zs {icomp} (t) acts as an equivalent
source voltage, due to the presence of bothvs(t) and
icomp(t).

Equation (32) is a non-linear operator equation due to non-
linearity of the load. In general, such equations have unique
solutions subject to restrictions on the operatorsZs, Yℓ and
the driving termvs(t)+Zs {icomp} (t). For example, when the
load is linear andvs(t), icomp(t) are periodic square integrable



IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS 10

waveforms, this equation can be written in terms of phasor
arrays as

Vs + IcompZs = V (I + YZs) , (33)

so that a unique solution exists for any choice ofVs andIcomp

as long as the matrix(I + YZs) is invertible.
From a practical perspective we know that the loads

connected to the power grid always have a unique voltage
developed across the load for given network conditions. In
other words, the non-linear equation (32) always has a unique
solution in the regime of normal power grid operation. Further
research is needed to determine the precise mathematical
conditions that need to be imposed on (32) to ensure the
existence of a unique solution. For now, we shall adopt the
working hypothesis that such conditions are indeed met in
cases of practical interest.

One obvious case when uniqueness of solution is guaranteed
is when the load is linear and‖YZs‖ ≪ 1. In this case
(33), the linear version of (32) under periodic conditions,
has a unique solution because(I + YZs) is invertible. The
condition‖YZs‖ ≪ 1 expresses our assumption that the load
impedance is much larger than the source impedance, resulting
in a negligible voltage drop across the source impedance.

However, it is entirely possible to have a relatively small
voltage drop even when the norm‖YZs‖ is larger than
one. For instance, according to the numerical values of the
example in Appendix B we have‖YZs‖ = 2.18 while
‖Vs − V‖ / ‖Vs‖ ≈ 0.16 andmin {|λi (I + YZs)|} = 1.17. It
turns out that while the relative voltage drop‖Vs − V‖ / ‖Vs‖
and the impedance-ratio‖YZs‖ are very closely related in
the sinusoidal single-phase case, this relation is much more
flexible in the poly-harmonic, polyphase case.

Another interesting example of existence and uniqueness of
a solution for the nonlinear circuit equations is analyzed in
[15] in the context of a nonlinear resistive load. It is shown
that in such a case, when the load is both upper and lower
bounded by linear resistive loads, a unique solution for (32)
exists subject to the following mild constraints:

• The source impedance is linear, time-invariant and BIBO
stable.

• The polyphase waveformvs(t) (andicomp(t)) is periodic
and square integrable.

However, these conditions may not be sufficient when the
nonlinear load is dynamic (i.e., non-resistive).

We now turn to analyze the effect of varyingicomp(t) on
the load conditions, assuming thatvs(t) remains unchanged.
When (32) has a unique solutionv(t), it defines a map
icomp(t) −→ v(t), which induces a mapicomp(t) −→ is(t),
where we used the relationsi(t) = Yℓ {v} (t) and is(t) =
i(t)− icomp(t) = Yℓ {v} (t)− icomp(t). In fact, this map can
be described by the implicit non-linear relation

icomp(t) + is(t) = Yℓ {vs −Zs {is}} (t) , (34)

which determinesis(t) uniquely in terms of{vs(t), icomp(t)}
whenever (32) admits a unique solution.

Moreover, whenever (34) admits a unique solutionis(t) it
also establishes a one-to-one correspondence betweenis(t)

and icomp(t), for a predeterminedvs(t). Indeed, for a given
is(t) in the range of solutions of (34) there can be only one
icomp(t), given via (34) by

icomp(t) = Yℓ {vs −Zs {is}} (t)− is(t) . (35)

The one-to-one relationshipIcomp ←→ Is allows us to useIs

as the independent optimization variable in Sec. III. However,
it follows from the preceding discussion that choices ofIs

must be constrained to the range of solutions of (34).
In the linear case we know that (33) has a unique solution

if, and only if, the matrix(I + YZs) is nonsingular. In this
case (34) reduces to

Icomp = −Is [I + ZsY] + VsY , (36)

which has a unique solution forIs under the same conditions,
since

det (I + ZsY) = det (I + YZs) . (37)

We conclude that in the linear case the correspondence
Icomp ←→ Is is well defined for all square summableIcomp

andIs , as long as(I + ZsY) is invertible.

APPENDIX B
NUMERICAL VALUES OF THECASE OFSTUDY

The numerical values of the load compensation example used
in this paper are

Vs =
[

Vs1 Vs2 Vs3 Vs4 Vs5 Vs6

]

,

where

Vs1 = 138.6 , Vs2 = −38.54− 118.6j , Vs3 = −100 + 118.6j ,
Vs4 = 13.86 , Vs5 = −6.928 − 12j and Vs6 = −6.928 + 12j .

Zs = 0.195









1 + 2j 0 0 0 0 0
0 1 + 2j 0 0 0 0
0 0 1 + 2j 0 0 0
0 0 0 1 + 10j 0 0
0 0 0 0 1 + 10j 0
0 0 0 0 0 1 + 10j









,

Y =

[

Y1 0
0 Y5

]

,

where

Y1 =

[

1.047 − 2.447j 1.093 − 0.9531j −0.2024 − 1.212j
−0.2024 − 1.212j 1.047 − 2.447j 1.093 − 0.9531j
1.093 − 0.9531j −0.2024 − 1.212j 1.047 − 2.447j

]

and

Y5 =

[

0.1464 − 0.8491j −0.0212 − 0.1271j −0.0347 − 0.1014j
−0.0347 − 0.1014j 0.1464 − 0.8491j −0.0212 − 0.1271j
−0.0212 − 0.1271j −0.0347 − 0.1014j 0.1464 − 0.8491j

]

Notice that the phasors arrayVs and the matricesY andZs

consist of only the first and fifth harmonic components. The
remaining components in this example are all zero.

The eigenvalues for the product(ZsY) are
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λi (ZsY) =

















2.1766− 0.1437j
0.1682 + 0.0999j
1.1307− 0.1627j
2.1190− 0.0337j
1.4485 + 0.2424j
1.4854 + 0.1510j

















so thatℜ{λi} > 0 for all i.

APPENDIX C
DERIVATION OF DIFFERENCEEQUATION (23)

Using the linear load relationI = VY, we can deduce
from (21) that the compensator current during the adaptation
process is given by

Icomp(k + 1) = V(k)[Y − γI]. (38)

Combining the compensator current setting (38) with the
network response (22) results in a new load voltage

V(k + 1) = Vs(I + YZs)
−1 + V(k)A, (39a)

where
A def

= (Y − γI)Zs(I + YZs)
−1. (39b)

The equilibrium point is given by (recall (19))

V(∞) = Vs(I + γZs)
−1 (40)

which allows us to rewrite (39a) in the form of a linear
difference equation for the load voltage, viz.,

V(k + 1) = V(∞)− V(∞)A+ V(k)A, (41)

where we used the identity

V(∞)[I −A] = Vs(I + YZs)
−1

which follows from (40) and the observation

I −A = [(I + YZs)− (Y − γI)Zs][I + YZs]
−1

= (I + γZs)(I + YZs)
−1.
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