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Abstract—The paper provides a formulation and solution for impedance is negligible in comparison with the load voltage
the problem of optimizing power flows in polyphase power je., when |lv,(t)—v(t)|| < ||Jv(t)|| then the smallest possible
systems with significant source (line) impedance. An optimal source currenti,(t) (in rms) is
solution considering significant line impedance has been already s
obtained in recent works. Unfortunately, it relies on network and ()
load parameters that are not easy to determine during operation. ip(t) = load ()
This motivates our approach in searching for a sub-optimal easy- ||UH2
to-implement solution that relies only on measurements of the

load voltage and current so as to allow precise control of the \yhere Pl(olzLd is the original real (average) power delivered

compensated load as well as the real power flowing out of the . .
compensator, while reducing line losses to within a few percent of to the load without compensation (uncompensated load), and

its theoretical minimum. Properties of the solution are illustrated ||v[| denotes the rms Va}lue Of a Wa\{ef_orm(t). Recem')’_
for an asymmetrical three phase induction motor supplied with we have put compensation (with negligible voltage drop) in a

unbalanced non-sinusoidal voltages. convenient geometric (Hilbert space) setting, and detesthi
Index Terms—Compensation, Hilbert spaces, optimization ©OPtimal solutions under unequal line resistances and band-
methods. width limitation on the compensator current [4—6].

However, when the source impedance becomes significant
(namely, a few percent of the load impedance, or higher) the

i ) traditional Fryze current is no longer the smallest (by rms)
I N this paper we develop an adaptive procedure for poWgte o rrent that supplies the same real power to the load as

1 compensation in systems with significant equivalent sourge, qriginal load current. In that case, every adjustment in
impedance. We consider a realistic scenario involving 9eflie compensator current results in a change of voltage load,
eral polyphase systems with harmonics, and our near-optimg,ic, in turn, requires further adjustments in compensator
procedure does not require extensive knowledge of systef} ant. Furthermore, the theoretically-optimal compéos
para'lmgt'ers. . . ) . as derived in [7], [8], depends on both the equivalent source
Significant source impedance is common in spatially €¥nnedance and the current-voltage characteristic of the.lo
tended networks such as those in rural and suburban aregige, information is usually difficult to obtain, especialty
It is also present in the emerging class of micro-grids thgjey of the time-varying nature of network parameters. The
combine d|str_|buted sources and Io_ads. Va_r|at|ons in thiveq knowledge of the achievable (optimal) system compensation
alent source impedance are also increasingly common du§dQmnortant in all electric energy systems, as it establish
more frequent switching of components in transmission afhits of technical performance that can be used as a yakdsti
distribution systems that |r!clude distributed energy ueses. ¢ ranking different compensation methods. A summary of
The effects of source impedance on power transfer gieyant concepts and results from [7], [8] is provided in
twofold: it reduces the efficiency of the energy transfer ange. 1.

It may Iezq to |n§tabllgles due hto_ res%nances (;;md OtherThe compensation setup that we consider is similar to the
unexpecte |nteract|on§ et:/lveelnt € impedance an tlmlsys(rme addressed in [9]. However, our solution does not require
components [1]. Add|t'|ona y, large source impedance arE{ijmwledge of all network parameters, as we achieve robust-
unbalance may complicate local control of power electronjg, oo through adaptation. This may prove advantageous in
converters [2]. . - applications, as the behavior of actual systems often dedu
The role of compensation in power system efficiency optjqiicant parameter variations at different frequencies at
mization is to reduce the power consumption of the Thevenyfiterent operating conditions [10]. Our solution pointst do
equivalent source (or “line”) impedance, so that most of the,o j for real-time collaboration and coordination betwesen
source power is delivered to the load (Fig. 1). A classicsilite g octric energy supplier (e.g., a utility) and loads in tease

by Fryze [3] states that when the voltage drop across the lige, rtimal compensation requires adjustments of bott loa

This work was supported in part by the National Science Fatiod under current (Commonly considered the purview of the customer
Grants ECS-0601256 and ECS-0746310. [11] and of the source voltage (typically the domain of the
The authors are with the Department of Electrical and Computgrupp”er)_ Our findings are consistent with results reprbrte
Engineering, Northeastern University, Boston, MA, 021155AU (e- . .
mail: levari@ece.neu.edu; rhemand@ece.neu.edu; ast@eee.neu.edu; N [12], [13] that stress the need for collaborative conirol

emarengo@ece.neu.edu). efficiency-optimized energy networks.

I. INTRODUCTION
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In this paper we introduce an adaptive near-optimal com-

pensation scheme that relies only on measurements of tbe loa

V?lt?‘ge and curfrent or, equivalently, on the ph|<(’:lSOI‘ d,em"p dotted line in Fig. 2). The universal performance boundigsol
of these waveforms. Our compensator tracks variations ||ie in Fig. 2) describes the theoretical minimum fé¥;,. as
both network and Ioaql conditions, continuously adjusting t ; ¢, nction of Potoaa, With no constraints onP.gm,. Thus
polyphase waveformicon,(t) so as to reduce the poweryis 1o nd is the lower boundary for all cross-section csirve

dissipated in the source impedance, for both linear andmoni&?ints below this boundary are not feasible for the given

ear I.oads. To be specific, this compensation algorithm allo olyphase) source voltage and impedance.

Egﬁs‘:ﬂggg:dazf%gﬁwa’sg?e ;ealtﬁgvtgglﬂgvg\l/\?gr odu;”?/fe':gg The two parametersy and 5 in (1) can b_e used to cont_rol

o compénsated Ioadc (Oiae'P — Py — Pop) the vglues of_Pcomp and Peoqq - Our adaptive compensation
=4 cload load comp)s  glgorithm adjusts these two control parameters to achiese t

mglsd;c(i:lémpogw?ﬁﬁéf éf\;vepg?(\:/gft gflsitss:riﬁgaodreltri‘c;??nimf rescribed.Pcomp , Pcl?ad valu.es, relying in the process only
Normally W’e set P 0, but other “target” values ére on dynamic phasor mformapon about the load current and
. comp ' voltage (see Sec. V for details).
possible. Our adaptive compensation scheme maintaifls,,,, ~ 0
The heart of our adaptive compensation scheme is th X P omp ™

concept ofquadrature Fryzecompensation quad-Fryzefor at all times, and converges, under steady-state network and
P 9 Y P Y load conditions t0 Peopp = 0,' while reducing the energy

short), which was introduced in [7]. The objective of ?oss in the line very nearly to its theoretical minimum. In

quad-Fryze compepsqtor IS to a.djusgomp(.t) SO that the addition, the algorithm can be adaptively steered to adjust
compensated Ioaq is Imear and time-invariant with a cmfrerbdoad to any desired value up td@,,,, , the nominal power
voltage characteristic given by that would be delivered to the load in the absence of any
is(t) = av(t) — fH{v(t)}. (1) line/source impedance. Notice that prgscribing)gﬂad valu_e
near P,,,, must come at the cost of increasdd;,., asis
Here «, 3 are real-valued coefficients andt{-} repre- evident from the cross-section curves in Fig. 2.
sents the Hilbert transform of a signal. In other words, the The remainder of the paper is organized as follows. In
compensated line current is a linear combination of the loagh. || we formulate the adaptive compensation problemgusin
voltage (t) and its Hilbert transformi}{v(t)}. We call this concepts and results from [4-7]. The most important of these
compensation method “quadrature Fryze” because the Hilbgpncepts are the quad-Fryze compensator, which we describe
transform imparts a 90° phase delay to v(t). It was iy detail in Sec. IV, and optimal performance curves, which
demonstrated in [7] that the performance of this (implicityye introduced in Sec. Ill. We demonstrate in Sec. V that the
compensation scheme is often very close to the theoretigglformance of our adaptive compensation algorithm resnain
optimum even in the presence of significant source impedanggse to optimum both during the convergence stage and

A detailed discussion of the quad-Fryze compensation nethfy steady-state. Finally, we provide concluding remarks in
is provided in Sec. IV. Sec. VI.

We evaluate the performance of our adaptive compensa-
tion scheme by comparing it with the theoretical optimum,
using results from [8]. In particular, we use thmiversal Il. PROBLEM FORMULATION
performance boundas well as severatross-sectioncurves
(Fig. 2) obtained by imposing a constraint on the value of The Hilbert space terminology of [4] is used here to
P..mp - The construction of such optimal performance curvdgrmulate our objectives and derive our results. Thitg and
requires explicit knowledge of network and load parametet§) are row vectors representing polyphase load voltage and
(see details in Sec. ). Each cross-section curve desstibe current, respectively, which we view as elements in a Hilber
theoretical minimum for P;,,. as a function of P.,,.q for Space ofn-phase,T-periodic, square-integrable waveforms,
a prescribed level ofFP,,,,, . Naturally, our primary interest
in steady-state is the cross-section curve fa,,,, =0 (the LAlternatively, one can prescibe any desired (non-zera)yesédr Peomp -
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with the inner product represented by where 1
def H
et 1 Rs = 7{25 + Zs : (6b)
@) =3 [ sy @ 2 |
T e The powerP,,,.q delivered to the compensated load, viz.,
wherg t_he superscript denotes transposition. _ Poong 2 RIZVI} = RITVI} — Prine. @)
This inner product can also be evaluated in terms of the ) )
Fourier coefficientsX;, Y; of the polyphase waveforms(t), e The powerPeom, flowing out of the compensator, viz.,
y(t), namely Peomp £ R{ZeompV"
(@,y) = R{AYT} (32) p = Mieoms V) (8)

= R{TVT} — Pooaa.

Notice that our expressions usg rather thar¥,,,,,, as the in-
dependent variable. In view of the one-to-one relation ketw

where the subscript indicates conjugate transpose, atids
a one-sided phasor array, viz.,

X E(X, vV2x; V2x, ... (3b) Zcomp andZ, different compensator settings correspond to
different choices ofZ,. In particular, both the quad-Fryze
consisting of the row-vector Fourier coefficients compensator of [7] and the theoretically optimal compesrsat
1 jtwt of [8] are described in terms of the desiréd(recall, e.g. (1)).
Xi = T /T (t)e dt (3¢)  This facilitates getting analytical results, but makesaither

- . difficult to implement these compensators.
and ?lmnarli/ for the phasor array, which represents the Our main objective is to construct an adaptive compensation
Wa'll\'/r?eorbrza;\fi.or of the power delivery system of Fig. 1 ialgorithm that is easy to implement (and hence specifies
determined by the current-voltage characteristic of thad Ioi"mp directly), relies only on the phasor arragsand ¥
d the (f y d S g’t i corresponding to the load, and converges to a steady-state
and the (frequency-domain) circuit equations that is very near the theoretical optimum. This means we
T =T+ ZLeomp (4a) Wish to achieve in steady-state prescribed valueg.gf,q and
Peomp (usually P, = 0), while reducingF;,. to almost
its theoretical minimum. Moreover, our adaptive algorithm
V=V =1L2Z; (4b)  should be able to track changes in the line (and the load)

where Z, is a complex-valued matrix representing the linedharacteristics.

time-invariant source impedance, ahdZ; , Z.omp , V, Vs are 1. OPTIMAL PERFORMANCECURVES

the phasor arrays associated with the polyphase waveforms ) )

i(t), i5(1),s Geomp(t), v(t), vs(t), respectively. In order to evaluate the performance of our adaptive com-
These circuit equations establish a one-to-one corresp@§nsation scheme in the presence of non-negligible source

dence between the source currdit and the compensatorimpedance, we shall use the concept of optimal performance

currentZ,.,,., (When we consider a fixedl,, Z, and)). This curves, originally introduced in [8]. The first step towatts

is straightforward to establish for a linear load, whére- )~ construction of such curves is to obtain explicit expressitor

with the matrix)’ representing the load admittance. Indeedhe three criteria of interest ;¢ , Peioaa @nd FPeomp — as

from (4) we can get a function of the source currrefit, .
Following the practice in [8] we use here the normalized
Iy = (Vs = I:Z5)Y — Leomp independent vector variable
so that def 1 1/2
-Zs = (ng - Icmnp)(l + Zsy)il (53) X Vv Pnom ISRS (ga)
and where P,,,,,, is the nominal power that would be delivered to
the load in the absence of the line impedance. This allows us
V="V, -12, (5b) to obtain the expressions
= (Vs + ZoompZs) (I + YV Z,) L. P
Zline _ yyH — | X2 (9b)
In the linear case, nonsingularity of the matfix+ Z,)) is the Poom
only condition needed to ensure one-to-one correspondesgg
betweenZ, andZ .., . This condition is almost always met, Petoad _ xeH yext — xxt (10a)
either becaus¢ Z,)|| is small, or because the eigenvalues of Prom
Z,Y have a positive real part (see Appendix A for furthewhere 1
details). gef V,RTH/2, 10b
The performance of any compensator, including the one we ¢ 2V Prom (100)
introduce in this paper, can be evaluated in terms of thrak ré&lotice that
(average) power quantities: Pload - Piine
e The power P;,. dissipated in the equivalent source Prom = 2R{XET} — Prom
impedance, viz., Piine (11)

Piine £ T,R, I (6a) <2 Xl - 5

nom
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which gives us the universal performance bound of [8], vizpairs representing a given constant value foy,,,, say

P j2 23 P, Peomp = 0. When Py, and P,qq are evaluated using these
cload . J _—sc | [_lime - line (12) (v(#),\(¢)) pairs of values we get the desired cross-section
Prom Prom N Paom  Pnom curve, representing;,..ope as a function ofP,,44 for a fixed
where P,, £ Y, R;1VH, P.omp (see Fig. 2). This can be repeated for several useful

Thus feasible Biine,Prioaq) COMbinations, under any com-Vvalues ofP.,,,,, . The cross-section curves described in Fig. 2
pensation scheme, must satisfy the inequality (12), and c8#low us to obtain the best trade-off betwel,. and Peioqd
respond to points above the universal performance curvedphievable for the compensator whether it is supplying powe
Fig. 2. Notice that this curve depends only on the sour&nsuming power, or working under lossless conditions.
voltage and impedance, and is completely independent of thé\S an example, consider the case of a three-phase induction
load. machine rated a®5kW, supplied from an unbalanced source

In contrast, the expression fd,.,,, is explicitly dependent (variations of roughlyl0% in magnitude and phase, with no
on the load, as is the value &%,,,, . The case of a linear load Z€ro sequence) that contains the fundamental and the fifth

was analyzed in [8], where it was shown that harmonic. The numerical values, which are the same as in
[7], are provided in Appendix B.
- VSQVSH (13a) We now observe that the smalleB};,,. achievable with a
lossless compensator (dotted line in Fig. 2),i418WW and the
where 1 corresponding®.;,.q = 18, 660W . If we attempt to supply the
g= — Y+, (13b) nominal power to the load, which in our example corresponds
2 to P.oaa = 22,750W, then it is necessary to compromise on
as well as the power loss in the source impedance, iR;,. has to be
Peomp H o o increased t@, 376WV.
Poom raAx xn nAT 41 (143) The family of all possible cross-section curves, for all pos
where sible values ofP.,,,, is bounded from below by the universal
AE T (RIV2Z)GRIV2Z)H (14b) perfqrma_\nce bound given by (12). This boundary curve (solid
line in Fig. 2) corresponds to the smallegt,,. that can be
and achieved for a prescribe#l,;,.q , With no constraints imposed
n< ! Vs [1[ + ng} RS‘H/2. (14c) to the value ofP.,,, . It can also be determined directly from
VPuom |2 (15) by settingh = 0.
For a nonlinear load we can determiti&,,,, only by nu-
merical calculation, which solves the nonlinear equatitags IV. QUAD-FRYZE COMPENSATION
determine the maf; — V — 7 — Zeomp — Feomp (S€€  Our proposed adaptive compensation scheme is based on
Appendix A). the concept of quad-Fryze compensation [7]. A quad-Fryze

Our main objective here is to determio@ss-section curves compensator is one that achieves, in steady-state,
corresponding to fixed values &%,,,, . A cross-section curve .
defines the smallest possible valueRf,., as a function of is(t) = av(t) — BH{v(t)}, (18a)
Peioaa , for all compensators that achieve a prescribed valyg some constants, 3. In the frequency domain this trans-
of Peomp - Here we shall limit our discussion to linear loadsigies into
for whlgh one r_lee_ds _to solve a quadratic _cost,_ quadra_trcally T, =V, N =a+jp (18b)
constrained optimization problem. As explained in [8]stban _ o
be accomplished via the Lagrange multiplier method, resplt This means that the compensated polyphase load is linear,

in the optimal (scaled) source current time-invariant and balanced with no coupling between phase
. and with a constant star-connected admittance equa}.to
Xopt = (V€ + An) [(1+ 1) + AA] (15) When 3 = 0 this is simply a star-connected balanced,

wherev, \ are the Lagrange multipliers. Cross-section curva§Sistive load which is indeed the ideal load in situatioiere

are obtained by finding all thév, ) pairs that satisfy the ||Vs = VI < [[Vs||. However, allowing forj # 0 makes
constraint it possible to “fine-tune” the quad-Fryze compensator in the

P presence of a non-negligible (but not excessively larg® li
Xopt AXJ, — 2R{ X"} +1 = % (16) impedance.
nom The steady-state phasor relation (18b) implies, in conjunc
for a given Peon,y value. tion with (4b), that the voltage across the load is given by
One way to accomplish that is by searching A) _
plane along radial directions. In other words, we uhsiea polar V=Vl +7Z,)"" (19)
representation of the Lagrange multipliers, viz., for the most general (e.g., nonlinear) load. Notice thatand
17 consequently, rely on two real-valued design parameters —
« and 3 — which makes it possible to satisfy the two desired
and search for the prescribed value Bf,,,, by varying p constraints onP.,,,, and P...q . Actually, there exists a one-
for a fixed value of¢. This results in a set ofv(¢), A\(¢)) to-one correspondence between the gair3) and the pair

v=psing , A=pcos¢
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Fig. 3. Mapping ofe,8 into Peomp-Peioad Plane. Fig. 4. Comparison between a quad-Fryze compensator sohaticus an

optimal solution Ppom = 22, 750W).

(Peomps Peioaa), as illustrated in Fig. 3. Notice that lines of
constantx are almost straight lines, all appearing to emanag¥ample in Sec. V that it is very nearly optimal even in
from the origin (Peioad = 0 = Peomyp) - In particular, the line the presence of a non-negligible line impedance. Indeg}j, th
a = 0.38 very nearly corresponds t8,,,,, = 0: this suggests dquality of the “match” between quad-Fryze and theoretjcall
that our objective of lossless compensation can be achigyedoptimal performance depends on how “non-negligib”is.
controlling the value ofv. Once the constraint aP,,,,, =0  The expressions (20) allow us to determine the quad-Fryze
has been satisfied (in this example by setting 0.38), we are equivalent of the cross-section curves of Fig. 2, i.e., the
free to vary the value of so as to achieve a desired value ofline — Peioaa tradeoff achieved by a quad-Fryze compen-
P.10aq - Notice that the relation betweeh and P,;,.q, along Sator with a prescribed value @f...., . The results for our
a line of constanty, is monotone increasing. For instanceinduction machine example indicate that the performance of
selectingg in the ranged < 8 < 0.2 (with a = 0.38) results the quad-Fryze compensator is almost indistinguishalole fr
iN Poeq Values in the rang@9.1KW < P.,.q < 22KW. the theoretical optimum (see Fig. 4, solid curves represent
Furthermore, we notice that it is possible to adjdsso that duad-Fryze solutions while dashed curves represent obtima
Privad = Prom = 22, 750W while P.yp,, = 0. solutions), i.e., less thadt% of difference between quad-Fryze
The plotting of Fig. 3, and the choices far and g and optimalP;;,. values Wher.60F,.om < Peoad < Prom
values rely on specific information about network and loa@" all Peomyp - Notice that the best match between quad-Fryze
parameters, which makes a direct implementation of the-quad optimal curves is around the minimum point of the cross-
Fryze compensator rather impractical. However, adaptive Section curves.
algorithm adjusts the values ofv and 3 to achieve the  The basic challenge is to implement the quad-Fryze com-
prescribedP.,,,, and P..qq Vvalues, relying in the processpensator, i.e., to findc.,,, such thatZ, = 4V is achieved
only on measurements of the load current and voltage (s&#hout knowing Z, or the load characteristics. We can rely
Sec. V). however on our ability to measuf® ¥V whenever needed. In
The values ofPjine, Peomp and P.i,qq associated with a the following section we present an adaptive version of the
quad-Fryze compensator can be evaluated via (19) and @d-Fryze compensator that uses dbjyv .
expressions (6) — (8). Thus
V. ADAPTIVE NEAR-OPTIMAL COMPENSATOR

P)line = "7|2VR5VH7 Pcload - OZ”VH2 (20a) i ) . . . .
_ The adaptive algorithm that we introduce in this section
for any load. Also, for dinear load aims to enforce the quad-Fryze constraiif = ~V in
Promp = V(G — a V. (20b) steady state. This is achieved by a repeated applicationeof t

compensation rule
In particular, in asingle-phasesystem with sinusoidal excita-
tion and a linear load we observe that,.., = (g — a)|V|?, Leomp(k +1) = I(k) = YV (k). (21)
where ‘" is the load conductance and/” is the (scalar) Each time we change the current supplied by the compensator,
phasor associated with the load voltage. In this very specja., from Zeomp(k) 10 Zeomp(k + 1), the load current and
case Peomp = 0 is achieved by settingr = g, regard- yoltage experience a transient and eventually stabilize at
less of the value ofj. Our polyphase, poly-harmonic ex-new set of value§Z(k +1),V(k +1)}. Once the transient
ample (Fig. 3) demonstrates that the same relation, namflys died-off we can apply (21) again to &ty 10 @ Nnew
P.omp = 0 <= constanta value, is still valid in general, yajye.
so long as the voltage drop ind fv:ﬁju does not exceed Thus, the iteration (21) generates a sequefiee)V} of
several percent. In our example, this voltage drop index lsad current-voltage pairs that converges (under mildrigeth

around16%. constraints) to an equilibrium point of (21). This equilibm
The quad-Fryze compensator becomes optimal (with0) s
when 7oVl | However, we will demonstrate via an T, (00) = Z(00) — Tuomp(00) = 7V(0).
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so that our objective of implementing quad-Fryze compens :
tion, for a prescribed value of, is achieved.

convergence region\

The rate of convergence is determined by the voltage dr
across the line impedance: higher values of the relativiagel ro
drop||Vs — V|| / ||Vs| result in slower convergence. When this of
relative voltage drop is negligible our iteration (21) ceryes @ .
in a few steps (ideally in a single step). s} ;

We now turn to study the conditions for convergence of ol
iterative adjustment procedure (21).

0.30<0<0.46
-0.50<p<0.30

A. Equilibrium and convergence A & 1 s
The dynamics of the compensator-load system can be de-
scribed in terms of two maps: Fig. 5. Convergence region in terms @f 8 for max{|\;(A)|} < 1.

e the iteration (21), which map§Z(k),V(k)} into a new
compensator currefeo.m,(k + 1).

e the response of the network (including the load)).30 < a < 0.46 and —0.50 < 3 < 0.30, is well within this
which mapsZ...m,(k + 1) into a new current-voltage pair convergence region.
{Z(k+1),V(k+1)}. Our next step is to propose adaptive adjustmenof o
This closed-loop feedback system is said to be in equilibriuthat will produce a prescribed value @f.,,,, (most often
if setting the compensator current according to (21) resalt Peomp = 0) using only Z(k),V(k) and 3 values. Once the
no transients and no change in the load current and voltagesired value ofP.,,,, has been achieved we shall turn to
Thus equilibrium is characterized ..., = Z — vV or, obtain a desired value aF;,.« by adjustings. During this
equivalently,Z, = 7 — Z.,mp = 7V, Which corresponds to process we rely only on relations that invol#e V' (and ),
guad-Fryze compensation. Notice that for a fixedhis is but nothing else.
unique, because we know from Sec. IV that the condition
Zs = 71'/ is satisfied by a single set of voltages and cu_rrengs_ Adaptive adjustment of
determined by = V,(I +~v2Z,)~*. Recall that the collection . . .
of the equilibrium points as a consequence of the implemen-The complex scalaty in our iterative procedure (21) can

tation of the quad-Fryze policy for predetermined values of be used to control the steady sta'te.values of HQU%P and
describes a curve that is nearly optimal as seen in Fig. 4. Peioad, @5 suggested by our preliminary analysis in Sec. IV

We turn now our discussion to the convergence analysis (6_?call Fig. 3). We propose to use an adjustable value. of

our adaptive compensator. When the load is linear we can een by

(5b) to establish a simple expression for the network respon R{Z(K)VE(k)} — Peomp desired
iz, o8 =Rl = SR

V(k+1) = Vs + Zeomp(k + DZJ [T+ V27", (22) with the objective of enforcing a prescribed value By,
éwhich constitutes a priority over enforcirgy,;, .4 in this step).
This expression is motivated by the observation that indstea

(25)

which, combined with (21) results in a linear differenc
equation for the load voltage, viz.,

state
V(k + 1) = V(OO) - V(OO)'A + V(k)A7 (238) Pcload = CV”V”2 = %{IVH} - Pcomp 5
where » which follows from (8) and (20a).
V(o) E V(I +v25) ! (23b)  This means that our adaptive algorithm is, in fact,
and Teoomp(k +1) = (k) — [a(k) + jB]V(K),  (26)
AZ (Y —ADZ(I+YZ,)7 (23c

with a(k) given by (25). This recursion has the same unique
A detailed derivation is provided in Appendix C. This can bgquilibrium point as (21), namelf,(co) = ~(c0)V, so that

further simplified to (recall (8) and (20a))
ek+1)=ek)A , ek) ZV(k)-V(x),  (24) Promp(00) = R{Z(c0)V (c0)} — ar(c0) [|[V(0) ||
which admits the explicit solutiom(k) = €(0).A*. It is well = Peomp, desired

known that||e(k)|| — 0 if, and only if, all the eigenvalues of
A are strictly within the unit circle, namelypax{|\;(A)|} <

1 . For the case when is fixed, our convergence analysis _

reduces to the examination of the eigenvalues of the constim Adjustment ofs

matrix 4. In particular, we can explore this “convergence We now turn to select a value for the parametein (26)
region” in terms ofa, 8 as shown in Fig. 5 for our example.so as to achieve the desired level Bfj,.q in equilibrium.
Notice that the range af, 5 values shown in Fig. 3, namelyWhen the line and load parametef, ) are known, we

where we also used (25) with = co.
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desired P,
24 cload
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5
load, 1
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— 2F load
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s Ty=Initial Slope
s i’ T il Sep
S 16F
a =
14 pc\oad 0 ®
/‘i
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| | | | | | | | |
b7 06 05 04 03 %02 01 o o1 02 03
B By B X 5,

Fig. 6. Pjoqq Versusp for different values ofP.omp. ] ] ) o
Fig. 7. Iterative adjustment gf to get desiredP.;,qq-

can determine the explicit relation betweBn,.q and 3 (Fig.

6). Because this relation is smooth and monotone increasing® fast time scale (steps): for ea¢h we run the adaptive
one can use a variety of search procedures to determine quprithm (26) producing a sequence of(k) values until
correct 3 for a desiredP,;,.4 value. However, our objective convergence is achieved with;(k) — «;(cc). The value of
is to develop a procedure for adjustifghat does not rely on 8 remains fixed (at3;) throughout this transient adjustment
knowledge of eitheZ, or ). process.

From a mathematical standpoint, our problem is to solve ® slow time scale (stages): we determifig., via (27a),
the (nonlinear) equatio(3) = Prioad.desired » Where f(-) is  Using 3;, Bi—1 and the steady state valuB.oaq,i(0) =
the monotone increasing function shown in Fig. 6. This coufei(0) [|Vi(c0)[|* achieved when (26) has converged.
be done, for instance, via a Newton-Raphson type proced@®gce the value of is changed fronp; to 31, the system is
when an explicit expression fof(3) is available. However, N0 longer in equilibrium: the value af has to be readjusted
since our goal is to rely on measurable quantites — namelging (26), (25) until a new equilibrium is achieved, with a
7, I, andV — we need to use an “equation free” approactiew value ofP.,.q, as well as new load current and voltage,

such as thesecant methqaviz., and a new value oF;..
Bi — Bi_1 B ~ Table | shows the sequence of steady-stat€;,c , Peroad »
Bit1 = Bi—= - [Petoad,i = Peioad, desired| »  Peomyp Values associated with thé for i = 0, 1,2, 3. Notice

Petoad,s = Fetoad, i-1 (27a) that the steady state; (o) values are practically independent

of the 3; values: this is consistent with our observations in

For computational convenience we use here normalized . ! ' X
Section IV about Fig. 3. Also notice that the desirBd,.q

values, viz.,

P Poad (27b) is achieved after three adjustmentsmfwhile P, = 0 is
cload — & - H H
Prom maintained.
SO0 thatPClmd’i is the normalized value d?,;,.q achieved with TABLE |
67, STEADY-STATE VALUES AT THE END OF EACH SEGMENT OF THE

A graphical illustration of the secant method is provided in TRAJECTORY(DOTTED LINE) IN FIG. 8A

Fig. 7 starting Wlt.h two g|vgn mput-output paws (pou@. Ea pont 5 = 5 o P
angl) to o_letermlne a stralght_llne conr_1ectmg these points: Sncomp. = = T94AW  16.080W 5
This approximates the tangent line used in a Newton-Raphson 0 0.383443 1,442W  19,286W 0
type procedure. Next, we extend this line until it intersdett 1 0.269715 0.382797 2,591W  23,199W 0
point| 4] in Fig. 7) the levelPeioad,desirea @nd determines the g 8:22%22 8:2232;3 gg?g\’w\’ gé;ggw 8
corresponding’, value.

Notice that the recursion (27a) is initialized with a choide
Bo and3;. A reasonable choice fag¥, would bes, = 0, since The gradual adjustment process achieved by our adaptive
it tends to generate a near-optimal value for the line lggs.  algorithm is illustrated in Fig. 8, which shows both steatites
(see Fig. 8a). The selection gf has to be consistent with points (shown by ¢’ marks) and transient points (shown by
the monotone increasing nature of the curves in Fig. 6, do tha’ marks). A dotted line connects the various points, defining
B1 > Bo When Puioad desired > Peioad,0 » Which is usually the a trajectory in theP.;,.q/Piine plane. Notice that the steady-
case. One possible choice féy is via the expressio% = state points lie exactly on the quad-Fryze cross sectionecur
tan(®), where ® is some problem-independent choice. Fatorresponding td>,.,,, = 0 (solid line in Fig. 8b), while the
instance, the value in Table | was obtained with= 35°. transient points do not. ThuB;,. achieves its near-optimal
More research is needed to determine a universally efficier@lue in thei-th segment only wheny;(k) has converged.
choice for®. During the transient stage ef;(k) adjustment,P;;,. can be

In summary, our adaptive compensation algorithm operatgsite different from its optimal value.
in two time scales: The convergence trajectory starts under conditions of an
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Fig. 9. Comparison of the trajectory with significant overstsoversus the
effect of usinguo alone withp; = 0 in the trajectory.
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Fig. 8. (a) Convergence trajectory of the adaptive neargtcompensator P 1oag(Watts) xa0*

for Peomp(o0) = 0, Peoada(co) = 22,750W. (b) Zoomed-in view of
the final adaptation stage. Solid line represents quadeFsgtution for the

Prine — Prioaq trade-off WhenPeomp(00) = 0. Fig. 10. Comparison of the trajectory with significant oversts versus the

trajectory with minimal overshoots.

uncompensated load (black circle in Fig. 8a): in_the abseng\which the compensator is required to supply more than
of the compensator, the power loss in the source impedance of,qy1.

our example i, 9441, and the power delivered to the load is  This problem can be mitigated by a short-term increase in
16,080W. The first steady state point, achieved with= 0, the value ofa(k), since higher-values result in loweP,,,,,,
lies very near the minimum of the cross section curve. Noti¢ges (recall Fig. 3). This can be achieved, for instange, b
that 3 (and Pei0qa) keep increasing during the initighsearch inclyding additional temporary scaling of the value cffk),

steps, but eventually oscillate up and down until convergenyt maintaining the recursion formula (26) as before, s tha
is achieved WithP.;,0a(00) = Peioad.desirea = 22, T50W,

where it is clear that our ability to enforce a desired valoe f v(k) = [1 + p(k)]a(k) + 5B, (28)
Prioga (in this exampleP,oqd,desired = Prom) COMeSs at the

; wherep(k) — 0 ask — co.
expense of an increase ;..

When the values of, and ) are known in advance, the
sequenceu(k) can be chosen to optimize the performance,

D. Transient behavior i.e., reduce the “overshoots” and “undershoots” in terms of
During the transient stage af(k) convergence all three the difference betweeRe,,.,(k) and Peomp,desired -
power quantities —P; J2) Poowd — undergo a From Fig. 3, it is intuitively plausible to think that to get
me s comp cLoa

transient whilea (k) is being adjusted. The transient behaviof comp | we rjeed to increase, hencep(k) >0, especially

Of Piine and Pooaq is evident in Figs. 8a, 8b (shown by at the begmnmg of thg iteration process. S|.nce the ovgtsho

marks). However, in order to observe the transienPip,,, ©¢CUrs mostly in the first adaptation step (i.e., for= 0 in

we will use a separat®,om, Vs. Puioeq plot (Fig. 9). (26)), one simply chmcg fon(k) is to sgtu(k) # 0 only fgr
Notice that P.,,,, experiences a significant overshool? = 0. However, th!s still leaves a re5|duql overshoot in the

(dashed line in Fig. 9) at the beginning of each adaptatifSt Segment of trajectory whefi = 0, albeit a smaller one

stage, right after the value dfis changed (namely from = o (Solid line in Fig. 9), so that we opt to use

to kK = 1 in (26)). This overshoot is particularly noticeable in 1o k=0

the first two adaptation stageSy,(and5;). This overshoot vi- u(k) = ’

olates our objective of maintaininB.omp (k) = Peomp,desired

throughout the adaptation process. In particular, notit t which leaves us with the challenge of selecting ;; and

in our example, WithP.,,p desirea = 0, there is one instant n without relying on prior information about network and/or

29
Mlnk_17 k > 17 ( )
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. , Our adaptive compensation scheme converges to a “quad-

o T 1, W, 2750 W ' Fryze” steady state mode of operation, in which the compen-
e sated line curreni,(t) is a linear combination of the load

voltagev(t) and its Hilbert transformH{v(¢)}. In the domain

of phasors this relation i, = (a + j5)V. We adjust the

values of the control parametefsand 3 to achieve prescribed

> values for P,y and Pyoqq, respectively. In particular, for

Peomp = 0, our results show that the steady-state valuev of

) is almost independent of the prescribed valuePgf,. ..

2500 |

2000 -

(watts)

1500 Segs

line

p

1000~

I ‘ ‘ ‘ During the transient stage of our adaptation procedure the
P, . watts) © " value of P, may deviate significantly from its desired
steady-state value. We have outlined two distinct techegqu
Fig. 11. Convergence trajectory with minimal overshoots?pf,. for reducing such transient oscillations, and have dematest
their ability to maintain manageable behavior during adapt
_ _ _ tion.
load parameters. Though optimal adaptive selectiom0fu:, Optimality operation is hard to implement because it relies
7 is still an open research problem, we are able to demonstrg];;—:zS and) (and even harder for a nonlinear load), however it
that (29) can dramatically reduce the undesired overshootd'pens the possibility of networked collaboration as an icitpl
Peomp - ) way of knowing Z, without measuring it and also improving
We found by trial and error that the valugg = 0.037, compensation in general, which constitutes an ambitioa$ ch
pu = 0.0095, andn = 0.67 appear to work well in our jenge to be met in our following studies.
example, resulting in an almost unnoticeale,,, transient
(solid line in Fig. 10). Notice that in our example the first APPENDIXA
overshoot to be mitigated will be the same no matter what RELATION BETWEEN Z. AND 7.
is the desiredP,,.q (taking into account that our interest ° comp
is focused on situations whet.,,p desirea = 0) Since our
adaptive algorithm is starting with = 0.
We have found that the technique (28) and (29) works well
during the first adaptation stage (withy = 0). To overcome j(t) = is(t) +icomp(t) vs(t) = v(t)+ 2, {is} (t) (30a)
the overshoot in subsequettsearch stages we chose instead i
to implement the change from; to ;.1 , as given by (27a), @nd the load current-voltage relation
not in a single step but as a sequence of smaller changes, each ,
one of size%ﬁi, where we chosé/f; = 55 and M; = 10 i(t) = Ve v} (1) - (30D)
for ¢ > 2. Notice that inCI’eaSingV[i reduces the OverShootHere Z {} is an operator that describes the V0|tage_current
in the (i)-th stage, but increases the numberedjustment rejation of the source impedance, whilg, {-} denotes an
steps for this stage. Our choices represent a tradeoff eetw@perator that maps the voltage applied across the loadtieto t
these two competing measures of performance. The effecty@§ulting current flow through the load. Whilg), {-} can,
these choices can be appreciated in Fig. 10 (solid line) &vhgh general, be nonlinear, it is reasonable to assume that
we can observe that the overshoots intiearch steps have z_{.1 is a linear time-invariant operator. In the absence of a

been significantly reduced. compensator, the load voltage and current satisfy the meeni
Figure 11 presents the performance of the convergengguation

trajectory in theP;,,./P.i0aq Plane where it is evident that the

red_uction OfPeomp overshoqts results in_a smoother adaptg_tion vs(t) = v(t) + Zs {Ve {0}} (t) (31)
trajectory, as compared with the one in Fig. 8a. In addition, = -

observe that after the first segment of the trajectory tighich involves thecompositionof the operators Y, {} and
adaptive algorithm is very nearly on the theoretical optimuZs {-}- When a compensating current..,,,(t) is present,

(dash-dot line), even during adaptation transients. the fundamental nonlinear equation, obtained by elimmggti
both i,(-) andi(-) from (30a)-(30b) becomes

In order to determine the polyphase load voltagg) and
load currenti(t) we need to consider the circuit equations

VI. CONCLUDING REMARKS

Our adaptive procedure scheme for load compensation in Use(t) = v(t) + Zs (Ve fo}} (1) (32)
an (unbalanced) polyphase power system relies only on imhere v, (t) £ vs(t) + Zs {icomp} (t) acts as an equivalent
stantaneous (dynamic) phasors obtained from measuremesotsrce voltage, due to the presence of both(¢t) and
of the load voltage and current. It achieves nearly optimél,,,(t).
performance even when the source impedance is not negligibl Equation (32) is a non-linear operator equation due to non-
in comparison with the load impedance. We used the notitinearity of the load. In general, such equations have wiqu
of cross section curves, derived from the theoreticalliiropl  solutions subject to restrictions on the operatgts ), and
performance bounds of [7], [8], to demonstrate the nedhe driving termu,(t)+Z5 {icomp ) (t). FOr example, when the
optimality of our compensation scheme. load is linear and(t), i.omp(t) are periodic square integrable
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waveforms, this equation can be written in terms of phasandi...,(t), for a predetermined;(t). Indeed, for a given
arrays as is(t) in the range of solutions of (34) there can be only one
tecomp(t), given via (34) by

Vs + Icomsz =V (I + st) ’ (33)
so that a unique solution exists for any choic&gfandZ,,,, leomp(t) = Vevs — Zs {is}} (1) —1s(1) - (35)
as long as the matrik/ + Y Z;) is invertible The one-to-one relationship.,,,,, <— Z, allows us to usé,

From a practical perspective we know that the loadg the independent optimization variable in Sec. Ill. Hosvev
connected to the power grid always have a unique voltagero|iows from the preceding discussion that choicesZof
developed across the load for given network conditions. ust be constrained to the range of solutions of (34).
other words, the non-linear equation (32) always has a @niqu | the linear case we know that (33) has a unique solution

solution in the regime of normal power grid operation. Farth it and only if, the matrix(I + Y2,) is nonsingular. In this
research is needed to determine the precise mathematicle (34) reduces to

conditions that need to be imposed on (32) to ensure the

existc_ance of a un@que solution. For_r_10w, we s_hall adopt the Teomp = ~Ts [[ + 2V + VsV (36)
working hypothesis that such conditions are indeed met in
cases of practical interest. which has a unique solution fdar, under the same conditions,

One obvious case when uniqueness of solution is guarantsétte
is when the load is linear anflyZ,|| < 1. In this case
(33), the linear version of (32) under periodic conditions, det (I + Z,Y)=det(I +YZ;) . (37)
has a unique solution becausé+ YV Z;) is invertible. The ) )
condition ||V Z,|| < 1 expresses our assumption that the loaly/e conclude. that in t_he linear case the correspondence
impedance is much larger than the source impedance, m;;ult?comp «— I, is well defined -for. all square summakig,
in a negligible voltage drop across the source impedance. 1dZs ., as long as + Z,Y) is invertible.

However, it is entirely possible to have a relatively small

voltage drop even when the norffiyZ,|| is larger than APPENDIXB
one. For instance, according to the numerical values of the =~ NUMERICAL VALUES OF THE CASE OF STUDY
example in Appendix B we havglyZ|| = 2.18 while The numerical values of the load compensation example used

Vs = VI / IVs]l = 0.16 andmin {|A; (I + YZs)|} = 1.17. It in this paper are
turns out that while the relative voltage drips — V|| / || Vs]
and t.he impeda_nce—ratitbstH are very clo§ely.related in Vi=[Va Ve Vs Va Vs Vi,
the sinusoidal single-phase case, this relation is muctemor
flexible in the poly-harmonic, polyphase case. where
Another interesting example of existence and uniqueness of
a solution for the nonlinear circuit equations is analyzed i V.1 = 138.6, Vs2 = —38.54 —118.65, Vs3 = —100+ 118.65,
[15] in the context of a nonlinear resistive load. It is shown V.4 =13.86, Vss = —6.928 — 125 and Vs = —6.928 + 125 .
that in such a case, when the load is both upper and lower

bounded by linear resistive loads, a unique solution fol) (32 b 1f2j ’ 2 0 0
exists subject to the following mild constraints: z —o0195| © 0 142§ 0o 0 0
« The source impedance is linear, time-invariant and BIBO 0 0 oM +010j o
stable. 0 0 0 0 0 1+ 10j
« The polyphase waveformy(t) (andicomp(t)) is periodic
and square integrable.
" - Y 0
However, these conditions may not be sufficient when the V= 0 Vsl
nonlinear load is dynamic (i.e., non-resistive).
We now turn to analyze the effect of varyirig,,,,(t) on where
the load conditions, assuming thaf(t) remains unchanged.
H : H ] 1.047 — 2.4475 1.093 — 0.95315 —0.2024 — 1.212j5
When (32) has a unique solutlon(t),. it defines amap | 00— 1‘213% o 2.44”‘? L0903 0.95313*]
icomp(t) — v(t), which induces a map.om,(t) — is(t), 1.093 — 0.95315  —0.2024 — 1.212j  1.047 — 2.447;
\(vhere_we used the relatlor@t) = Ve {v}(t) aqd is(t) =  and
i(t) = dcomp(t) = Ve {v} (t) — icomp(t). In fact, this map can
be described by the ImpIICIt non-linear relation 0.1464 — 0.8491; —0.0212 — 0.1271j  —0.0347 — 0.10145
Vs = |:—0.0347 —0.10145 0.1464 — 0.84915 —0.0212 — 0.1271j:|
. . . —0.0212 — 0.12715 —0.0347 — 0.10145 0.1464 — 0.8491j5
Zcomp(t) +is(t) = {Us - Zs {Zs}} (t) (34) ’ ’ ’
which determines,(¢) uniquely in terms ofv4(¢), icomp(t)}  Notice that the phasors array, and the matrice§’ and Z,
whenever (32) admits a unique solution. consist of only the first and fifth harmonic components. The

Moreover, whenever (34) admits a unique solutigft) it remaining components in this example are all zero.
also establishes a one-to-one correspondence betwé¢en  The eigenvalues for the producg,)) are
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[7] H. Lev-Ari, A.M. Stankovi, “Optimizing Power Flows in Lossy

2.1766 — 0.14375 Polyphase Systems: Effects of Source Impedan@dj’ International
0.1682 + 0.0999 Workshop on Power Definitions and Measurements under Nums8idal
+ ] Conditions Cagliary, Italy, July 2006, pp. 78-83.
by (Z y) _ 1.1307 — 0.1627; [8] H. Lev-Ari, A.M. Stankovic, “Fundamental Performance Limits in Lossy
tATs 2.1190 — 0.03375 Polyphase Systems: Apparent Power and Optimal Compensaliife

: Int. Symp. on Circuits and Systenvay 2007, Vol. 27, No. 30, pp. 61-64.
1.4485 + 0'24242 [9] S.M.R. Rafiei and M.R. Iravani, “Optimal and adaptive comgation
1.4854 + 0.15105 of voltage and current harmonics under nonstiff-voltageditons,” IEE
. Proc.-Gener. Transm. DistrifSept. 2005, Vol. 152, No. 5, pp. 661-672.
so thatR {)‘i} > 0 for all 4. [10] S. R. Shaw, C. R. Laughman, S. B. Leeb and R. F. Lepard, ‘WePo
Quality Prediction System|EEE Trans. Industrial Electronigsvol. 47,
No. 3, pp. 511-517, June 2000.
APPENDIXC [11] J.F.G. Cobben and J.F.L. van Casteren, “Classificaltiehodologies
DERIVATION OF DIFFERENCEEQUATION (23) for Power Quality”, inwww.leonardo-energy.ord-eb. 2006
. . . [12] M. Karimi-Ghatermani, S. A. Khajehoddin and A. Bakhshds the
Using the linear load relatiod = V), we can deduce Unity Power Realizable at the Load TerminalstEEE PES GM 2008
from (21) that the compensator current during the adap:tano Pittsburgh, PA
b [13] P. F. Ribeiro, “Common Misapplications of the IEEE 519 Hanic
process is glven y Standard: Voltage or Current LimitsSTEEE PES GM 2008Pittsburgh,
PA
Icomp(k + 1) = V(k)[y - ’YI]~ (38) [14] W.H. Kersting, “Causes and Effects of Unbalanced \@ta Serving an
Induction Motor”,Rural Electric Power Conferenc€000, pp. B3/1-B3/8.
Combining the compensator current setting (38) with th@s] 1.w. Sandberg, “On Truncation Techniques in the Apjmate Analysis

network response (22) results in a new load voltage of Periodically Time-Varying Nonlinear NetworksIEEE Trans. Circuit
Theory Vol. 11, No. 2, pp. 195-201, June 1964.
V(k+1)=Vs(I +YZ5)" "+ V(k)A, (39a)

where
AZ (Y -DZI+Y2,)" (39b)

The equilibrium point is given by (recall (19))
V(o) = Vs(I +v25) " (40)

which allows us to rewrite (39a) in the form of a linear
difference equation for the load voltage, viz.,

V(k+1) =V(0) — V(o)A + V(k)A, (41)
where we used the identity
V(oo)[I = Al = V(I +YZ,)~
which follows from (40) and the observation

IT—A=[I+YZ)— (Y —-DZJI+YVZ]
= (I+'st)(I—|— yzs)—
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