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In this work we formulate and solve the problem of
optimizing power flows in polyphase systems with
significant source (line) impedance. Two fundamental
optimization perspectives are presented along with a
generalized optimal compensation. Properties of the
solution are illustrated on the example of an asymmetrical
three-phase induction motor supplied with unbalanced
non-sinusoidal voltages.
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� The formulation and solution of the problem of optimum
compensation is given in the frequency domain which
results in much simpler expressions than the ones obtained
earlier in the time-domain.

� The resulting generalized optimal compensator is one
that minimizes the line losses while matching pre-specified
power values for the compensated load and the
compensator itself.

� The goal of constructing an adaptive, self-adjusting
compensator that relies only on measurements of the load
voltage and current is pursued.

dissipated in the source impedance.

� However, the ideal performance associated with the
universal performance bound cannot be achieved by a
lossless compensator. This observation motivates us to
reformulate the optimal compensation problem so as to
allow for explicit control of Pcomp, the real power flowing
through the compensator.

� The solution to this generalized optimal compensation
problem leads us again to a fundamental bound, the
optimal performance surface(OPS), which depends both
on the source characteristics and on the load
characteristics.
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� Two fundamental optimization perspectives:

� Generalized optimal compensation – problem
formulation:
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The powers Pline and Pcload can be related through a
modified Cauchy-Schwarz inequality, so that:

which defines a region of feasible (Pline , Pcload) pairs.

� Hilbert space formulation:

� v (t) and i (t) are row vectors representing load
voltage and current which are elements in a Hilbert
space of n-phase, T-periodic, square-integrable
waveforms.

� The Inner product is defined by:

where the subscript t denotes transposition.

� The relation between the pre-specified values of Pcload, Pcomp

and the corresponding optimal value of Pline defines an optimal
performance surface(OPS)in the 3-D criterion space:

Figure 2
The above figure considers the case of a three-phase induction
machine rated at 25kW, supplied from an unbalanced source
that contains the fundamental and the fifth harmonic.
� Special performance curves:
The cross-section of the OPS for Pcomp = 0 allows us to
determine the best trade-off between Pline and Pcload

achievable by a lossless compensator (blue line in Figure 3).
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� The role of compensation in power system efficiency
optimization is to reduce the power delivered to the source

Problem 1 (Maximal Power Delivery): Given a
polyphase source voltage vs (t) and a linear time-
invariant source impedance � � , determine the largest
possible Pcload for a prescribed value of Pline .

Problem 2 (Minimal Line Losses): Given a polyphase
source voltage vs (t) and a linear time-invariant source
impedance � � , determine the smallest possible Pline for a
prescribed value of Pcload.

Problem 3 (Generalized Optimal Compensation ):
Given a polyphase source voltage vs (t), a linear time-
invariant source impedance � � and a load current-
voltage characteristic, determine the smallest possible
Pline and the corresponding is (t), for prescribed values
of Pcload and Pcomp.
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� Waveforms can be represented by a summable
Fourier series:

� The row-vector Fourier coefficients Xl are given by:

� One-sided phasor arrays are used by stacking the
vector Fourier coefficients into a long row vector:

so that

where the subscript H indicates conjugate transpose,
and , are the phasor arrays representing the
waveforms x(t), y(t), respectively.

� Circuit equations for the power delivery system of
Figure 1 in the frequency domain are given by:

where � � is a complex-valued matrix representing the
linear time-invariant source impedance.

� The corresponding power dissipated in that
impedance and the real power delivered to the
compensated load are given, respectively, by:

where

Figure 3

By ignoring the constraint on Pcomp in Prob. 3 (setting � = 0)
we obtain a synonymous situation as the one considered in
Prob. 2 (black curve in Figure 3). Furthermore, upon removing
the constraint on the value Pcload from Prob. 3 (setting v = 0)
we can control the power flow through the compensator by
using a single design parameter (See Figure 4). Both curves,

� =0 and v = 0, lie on the OPS (black and green lines,
respectively, in Figure 2).

Figure 4
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We have formulated the compensation problem using a Hilbert
space framework. We illustrated properties of the solution on the
example of an asymmetrical three-phase induction motor. Future
directions include the development of an adaptive algorithm that
requires no prior knowledge of any system parameters.
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optimization is to reduce the power delivered to the source
(or “line”) impedance, so that almost all the source power is
delivered to the load as shown below:

Figure 1

� A classical result by Fryze states that when the voltage
drop in the line is negligible in comparison with the load
voltage, then the smallest possible source current is (t) (in
rms) is:

where is the original real (average) power delivered
to the load without compensation, and denotes the rms
value of a waveform v (t) .

� However, when the source impedance becomes
significant, the traditional Fryze current is no longer the
smallest line current that supplies the same real power to
the load as the original load current.

� In that case every adjustment in the compensator current
results in a change of voltage load, which in turn, requires
further adjustments in compensator current.

� This leads to a characterization of the ideal load in terms
of a universal performance bound, which determines the
best possible tradeoff between Pcload, the real power
delivered to the compensated load, and Pline, the power
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� We can deduce that

where Pnom is the power that would have been delivered
to the load in the absence of a source impedance, thus:

and is a complex-valued admittance matrix
representing the load in the frequency domain.

� Also

where In represents the identity matrix.

� Finally, is a normalized current phasor array, viz.,

� The solution to Problem 3 can be determined via the
Lagrange multiplier method. It is given by:


