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ABSTRACT

Precoded spatial multiplexing systems with rate-limited feedback
have been studied recently based on various precoder selection cri-
teria. Instead of those based on indirect performance indicators,
we in this paper propose a new criterion directly based on the exact
bit error rate (BER) of the system. We show that in the asymptotic
case of infinite-rate feedback, the optimal preceder design based
on the BER criterion is drastically different from the counterparts
with other criteria. In the finite-rate case, we apply the general-
ized Lloyd algorithm used in vector quantization to construct good
precoder codebooks. The new found codebooks improve consid-
erably the minimum distance relative to those currently available.
Our numerical results compare the BER performance with differ-
ent codebooks and with different selection criteria.

1. INTRODUCTION

Multi-antenna diversity has by now well established as an effective
fading counter-measure for wireless communications. To further
improve system performance, the receiver can feedback channel
state information (CSI) back to the transmitter, so that the trans-
mission parameters such as power and modulation type can be
adapted to the channel. In practical wireless systems, however,
the CSI at the transmitter suffers from imperfections originating
from various sources, such as estimation errors, feedback defay
and feedback errors. These considerations have sparked recent re-
search interests towards quantifying and exploiting imperfect (or
partial) CSI in multi-antenna systems,

Partial CSI can be medeled in different ways [12). One class
of CSI models impose a bandwidth constraint on the feedback
channe[ which is only able to communicate a finite number of bits
per block. Finite-rate transmit beamforming has been investigated
based on various criteria such as the average signal to noise ratio
(SNR) [12, 10], the outage probability [11], and the symbel er-
tor rate [19], respectively. Subject to finite-rate feedback, optimal
transmission is also pursued in [5, 2, 13] to maximize the average
channel capacity, while adaptive modulation together with trans-
mit beamforming has been pursued in [16] to enhance the trans-
mission rate, Recently, the application of finite rate feedback in a
precoded spatial multiplexing system has been addressed in [8, 7],
where various criteria on precoder selection and codebook con-
struction have been proposed.

As in [8, 7], we here investigate precoded spatial multiplexing
with finite-rate feedback. Our contributions are as follows.

e Instead of those criteria based on indirect performance indi-
cators [8, 7], we propose a new precoder selection criterion
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directly based on the exact BER of the system. The new cri-
terion hence outperforms competing alternatives in terms of
improving the system BER performance.

¢ In the asymptotic case with infinite-rate feedback, we char-
acterize the optimal precoder based on the BER criterion.
QOur precoder design is drastically different from the coun-
terparts based on all other criteria {8, 71].

s In the finite-rate case, we apply the generalized Lloyd algo-
rithm used in vector quantization {4] to construct good pre-
coder codebooks, The new found codebooks improve con-
siderably the distance property relative to those currently
available,

Notation: Bold upper and lower letters denote matrices and
column vectors, respectively; ()7, (-}*, and ()" denote trans-
pose, conjugate, and Hermitian transpose, respectively; | - | stands
for the absolute value of a scalar; tr(-) and det(-} stand for the
trace and the determinant of a matrix, respectively. |} - ||2 denotes
the two-norm of a vector or a matrix, while || - | r is the Frobenius
norm of a matrix. In isthe N x N identity matrix; [A]; ; $tands
for the (4, 5)*" entry of a matrix A.

2, SYSTEM MODEL AND BER-BASED SELECTION
CRITERION

As depicted in Fig. 1, we consider a precoded spatial multi-
plexing system where the transmitter and the receiver have N;
and N, antennas, respectively. The information symbol block
§ := [s1,...,8x]7 is precoded by a N; x K matrix T to ob-
tain the precoded block T's, whose N, entries are then transmitted
through [V; antennas simultaneously. Denote h,,, as the channel
coefficient between the vth receive- and the gth transmit- antenna,
and collect the N N, channel coefficients into the N, x N, chan-
nel mawrix H with [H],,,, = h..,.. The received samples on N,
receive-antennas, collected in the vector y, can be expressed as:

y=HTs+v, n

where v 1is the additive white Gaussian notse (AWGN) with each
entry having variance Ny.

As in [7, 8], we assume that the receiver is able to feedback
a finite number of (say B) bits back to the transmitter, and that
the feedback link is error-free and delay-free. Under the constraint
of B feedback bits, the system only needs to prepare a total of
N = 25 precoding matrices. Let us denote these matrices as
T, T2,..., Ty,and collect them into a codebook T as:

T :={T,....Tn}. 2)

Based on the current channel realization, the receiver will decide
which codeword (precoder) from the codebook T is the most fa-
vorable, and inform the transmitter to switch to that precoder by
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Fig. 1. Precoded spatial multiplexing with finite-rate feedback

feeding back its B-bits codeword index. For such a precoded spa-
tial multiplexing system with finite-rate feedback, the following
two imnportant questions need to be addressed: 1) how does the re-
ceiver select a favorable precoder from the codebook 77 ii} how
does the system construct a good codebook 77

These two design issues have been well addressed in [7, 8].
We next briefly summarize their results.

2.1. Brief Summary of Existing Results

First, the precoding matrices have been constrained to have or-
thonormal columns: THT; = Ig,é = 1,...,N [7, 8). With
such precoders, various precoder selection criteria have been pro-
posed in [7, 8].

e For a maximum likelihood (ML) receiver, the precoder is
chosen to either maximize the minimum receiver symbol
vector distance (MD Selection), or, maximize the instanta-
neous capacity (Capacity Selection}.

e For a linear Zero-forcing (ZF) receiver, the precoder is cho-
sen to maximize the minimum singular value of HT (SV
Selection).

¢ For a linear minimum mean square error (MMSE) receiver,
the precoder is chosen to either minimize the trace of the
mean square error matrix (MMSE-trace Selection), or, min-
imize the determinant of the mean square error matrix
(MMSE-det Selection).

On the codebook design, the following results are available [7, 8].

o In the asymptotic case with infinite-rate feedback where
B = oo, the optimal precoder consists of the K eigenvec-
tors of H™H corresponding to the K largest eigenvalue,
for all selection criteria in (7, 8). To be more specific, de-
note the eigen decornposition of H*H as:

H"H = VyAuVE, 3)

where Ay = diag(A1,..., A, ) contains on its diagonal
the eigenvalues arranged in a non-increasing order: ); >
-+ > An,. The optimal precoder is then

Topt = Vg, “)

where V g consists of the first K colutnns of V.

¢ In the finite-rate feedback case, if MMSE-det, or, Capac-
ity Selection is used, the codebook T shall be designed to
maximize min1£i<j51\; dFS (Ti, Tj), where dps (Ti, Tj)
is the Fubini-Study distance defined for two subspaces
spanned by T; and T; [1]:

drs(Ti, T;) = arccos | det(T]'T;)|. 5
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o In the finite-rate feedback case, if MMSE-trace, SV, or,
MD Selection is used, the cedebook 7 shall be designed to
maximize m.in1$,-<jSN dpg (Ti, Tj), whcre dpz(Ti, Tj)
is the projection two-norm subspace distance defined as (13

dp2(Ty, ) == | TYTT — T o (6)

In a different scenario, finite rate precoding has been applied in
an orthogenal space time block coded system [9], where the code-
book was proposed to maximize mini <; <j<n de(Ti, T;), where
dc(T;, T;) is the chordal subspace distance defined as [1]:

1
de(T, Tj) = —=|| Ty T — T, 05|+ 7
2

Sample codebooks are provided in [6].

2.2. BER-based Selection Criterion for Linear Receivers

Different from all selection criteria in [7, 8], we propose to di-
rectly use the exact BER as the selection criterion. Let us denote
BER({H, T) as the BER averaged over X data streams when the
channel realization is H and the precoder is T, The proposed
BER-based selection rule is then

Topt = arg ,111‘:611% BER(H, T),

®)

whose codeword index is feedback to the transmitter.

The BER expression for an ML receiver is not available up
to date. Hence, the BER based criterion is not applicable to an
ML receiver. However, the BER for linear receivers can be easily
computed thanks to the recent results in [3, 14]. We thus focus our
attention on linear receivers.

2.2.1. Linear ZF receiver

The linear ZF receiver is G* = [T*H"HT|~'T"H™. Apply-
ing the ZF receiver on (1), we obtain;

z=G%y =s+ G™n, )

where the processed noise has variance NoG*(G¥)™
No[T*H™HT) ™. With £, denoting the average symbol energy
for each symbol s, the SNR for the kth data stream is:

75f = E& = C (10)
* T No|THHMHT);, [TRHNHTYL
where for notational brevity we define
—_ E"
¢{= No (43

Let BER{y) denote the rejationship between BER and SNR «y in
an AWGN channel. We consider the square quadrature-amplitude-
modulation (QAM) with size Af. The closed-form expression for
BER{v) is {3]: '

1 logg VM 1 (127 %) /AT -1
BER(v) = ———= —
™ log, VM ; VA ;

Jens (o |22 ))

.2Q ((2i+1) —-—M'°’_17) } (12)



where Q{-) denotes the Gaussian-Q function. For pulse-
amplitude-modulation (PAM) and rectangular QAMs, closed-form
BER expressions are also available [3]. For 4-QAM, eq. (12) is

simply:

BER(7) = Q(+/7)- (13)
Alternativcly, one can compute BER(y) easily using a simple re-
cursive algorithm in [14]. The average BER over K data streams

is then
BER(H,T) = z BER(~, (14)
2.2.2. Linear MMSE receiver
Now let us consider the linear MMSE receiver
-1
G = [T”H'“HT + (1/g)IK] THHY,  (15)

The signal to interference-plus-noise ratio (SINR) after MMSE
equalization is
V;nmse — C -1
[THH*HT + (1/)1x]; %
The residual interference-plus-noise can be well approximated by
a Gaussian random variable, that leads to an average BER as

(16)

BER (H,T) = — ZBER( mmsey an

With any given codebook 7, the BER-based selection crite-
rion shall outperform all other criteria in [7, 8], in terms of the
uncoded BER performance, when linear receivers are used. More
interestingly, we show next that the proposed BER-based criterion
entails a drastically different optimal codebook in the asymptotic
case with infinite-rate feedback, from those in [8].

3. THE INFINITE-RATE CODEBOOK CONSTRUCTION

We first consider the codebook construction with B = co. In
this case, we aszume that the transmitter has full knowledge of the
channel H, and select T directly based on H. As the BER in
(12) depends on the constellation, we specify our results for three
different constellations: 4-QAM, 16-QAM, and 64-QAM; see [18]
for results on rectangular QAMs.

Denote O .., as a K x K unitary matrix with each entry having
constant medulus 1/ VK; e. g., a normalized FFT or Hadamard
matrix. We have the following results [18].

Result 1 With linear ZF receivers and using the BER-based se-
lection criterion, the optimal column-orthonormal precoder T de-
pends on the channel H as follows

Va when M < = xm
Topt. = VH@cm when )\KC 2 'm'—h' . (] 8}
unclear  other cases
where T, is a constellation specific constant as
1/3 Jor 4-0AM
Ten = § 00667 for 16-04M . (19)

0.0159 for 64-04M
The quantities M, V i1, ¢ are defined in (3), (4),(11), respectively.
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Result 2 Fith linear MMSE receivers and using the BER-based
selection criterion, the optimal column-orthonormal precoder T
depends on the channel H as follows.

1. For 4-QAM, the optimal precoder is always

Topt = VHEm. (20)
2. For 16-QAM and 64-QAM, the optimal precoder is
Vu when (—1—- —1) € Ax¢
and A1 < (a"m ; -1)
Topt = VyOcm when Al > ( -1}y, (20
or ¢ < (;t-‘:-g— - 1)
unclear  other cases
where Tth,1 and xyy 2 are two constants as:
(ara) = { O 05 o Ot @

The quantities Ay, Vu, ¢ are defined in (3), (4),(1Y), respectively.

When T = Vg, we have vI¥ = +P™* = (\;,Vk =
., K. When T = Vy©,p,, we have

K¢
+...

zf
=Yg =

. 23
= @)

mmse __

1 -1

(24)

1
T+¢5g +...+ T+ Cre

As we can see, the behavior for the optimal codebook is drastically
different from those in [7, 8].

Since optimal precoder is still unclear for certain cases, we
propose the following practical solution, which avoids the need to
compute the constellation specific thresholds.

Proposition 1 With linear ZF or MMSE receivers, for each chan-
nel realization H, the transmitter selects the precoder 1o be either
Vi, or, Vi Oew, depending on which one yields better BER per-
Jormance.

We next offer new codebook construction when B is finite.

4, THE FINITE-RATE CODEBOOK CONSTRUCTION

Using the generalized Lloyd algorithm 1o search for finite-rate
beamforming codebook was first used in [12] with Ny = 2. It
is later used in [15] to design finite-rate beamforming codebook
forbothii.d. fading channels and correlated fading channels, with
an arbitrary N;. We in this paper apply the Lloyd algorithm to
search for good precoder codebooks.

The codebook design of T is linked to a vector quantization
problem as follows. Suppose we have a random N, x K matrix
'V, which is isotropically distributed. We now want to quantize V
to a finite number of codewords that form 7. We adopt the chordal
distance as the distance metric. Qur objective is to minimize the
average distortion defined as:

J = E{ min_ d’(v T} = ZER {2V, TPV e Ry),

25)



where F{-} stands for expectation, P(V € R;) is the probability
of a random V belonging to the region R;, which is defined as

Vi # i}.

The Lloyd algorithm can iteratively reduce the cost function in
(25). The reason that we choose the chordal distance is that it can
be re-expressed as d2{T;, T;) = tr(lx — TI*TTI'T;), that
will render simple analytical solution inside the iterations of the
Lioyd algorithm.

The codebook design steps are as follows.
§1) To avoid the expectation operation in (25), we use the Monte-
Carlo approach, as in [15]. We generate a training set with Ny,
samples { Vo }7t5
82) Starting with an initial codebook (obtained via random com-
puter search, ot, using the currently best codebook if available),
we carry out the following two sub-steps iteratively.

Ri = {V]|d(V,T\) <de(V,T;), (26)

¢ Nearest neighbor rule [4]: assign V., to one of the regions
using the rule

V. e Ry if de(Va,Ti) < do(V,, T;),Vi#1
¢ Centroid condition [4]: For each region R, find the optimal
codebook as
1
TS = argmin —- da(V,, T
P = argmin vn;ﬂ» (Vs, T)
= argmin 37 u(Ix —THVVT) @7)
T i WatR,
= arg mrlq.xn‘(THRT),

where R is defined as R = 7\;1;’— Y vaers V.V Itis

easy to show that T;¥" shall be taken as the  eigenvectors
of R comresponding to the /& largest eigen values,

Notice that the Lloyd algorithm converges with J monotoni-
cally decreasing. But this does not mean that the minimum dis-
tance of the codebook is monotonically improving, as observed in
[15]. During each iteration, we ¢xamine the tentative codebook,
and record it if its minimum distance is larger than the currently
best. This is done for each distance d,, dpg, and dps.

83) Go back to S1 to generate another training set, and re-run the
Lioyd algorithm in §2. We stop until no further improvement on
the minimum distance is cbserved.

5. NUMERICAL RESULTS

We focus on the configuration with (N, N, K) = (6,3, 3), and
adopt 4-QAM constellation. In all plots, we define the average
SNR at each receive antenna as: SNR = KT;E* = K¢

Test Case 1 (infinite-rate feedback); We first test our theoreti-
cal analysis in Section 3 where B = oo. We observe from Fig, 2
that the ZF receiver with the precoder T = V & outperforms that
with T' = V@ at low SNR, but vice versa as high SNR.
The proposed solution in Proposition 1 outperforms either of them
by always choosing the better one for every channel realization.
With 4-QAM, we observe from Fig. 2 that the MMSE receiver with
T = V 5 Ocm always outperforms that with T = Vi, agreeing
with our theoretical analysis. See [18] for results on 16-QAM.
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Test Case 2 (codebook construction by the Lloyd algorithm):
We collect the codebooks obtained via the Lloyd algorithm for
{Ny, K) = (6,3} in the following, where we use boldface fonts
to highlight the maximized minimum distances d, drs, or dga, if
multiple codebooks are listed for one configuration.

Codebooks listed in [6] New codebooks
{dc, drs, dpz) {d., drg, dp2)

B=4 | (1.0922, 1.1936, 0.8115) | (1.2281, 1.3259, 0.8881)
(1.1740, 1.3548,0.9100)
(1.1782,1.3218,0.9314)
=% | (1.0156,1.0724,0.7472) | (1.1539, 1.2500, 0.8636)
(1.1424,1.2730,0.8748)
(1.1401, 1.2635, 0.8830)
B=6 | (0.9324,0.9722,0.6827) | (1.0625, 1.1004,0.7637)
{0.8959, 0.9869,0.7097) | (1.0216,1.171¢,0.7813)
(0.8834,0.9559, 0.7508) | (1.0242,1.1529, 0.8239)

The new codebooks (list in [17]) have much larger minimum dis-
tances than the codebooks currently available in [6]. This demon-
strates the effectiveness of the Lloyd algorithm for finding good
codebooks.

Test Case 3 (Comparison among different selection criteria):
We now compare the proposed BER criteria with those in [8]. We
deploy codebooks optimized based on the chordal distance. Fig. 3
compares the SV and the BER selection critetia for ZF receivers.
We observe that the SV criterion yields performance quite close to
the BER criteria. This is reasonable, as the SV criterion tries to
improve the worst SNR for & data streams, implicitly enforcing
seme averaging over all subchannel SNRs. On the other hand,
Fig. 4 compares the MMSE-trace, MMSE-det, the BER criteria
for MMSE receivers. We observe that MMSE-det performs worse
than the MMSE-trace criterion, and both of them are inferior to
the BER criterion. Therefore, the BER based selection criterion
has the performance advantage over competing alternatives.

Test Case 4: We now test the performance improvement as a
function of the number of feedback bits, as reported in Fig. 5 for
ZF receivers. The B = 0 case comresponds to a N, x N, MIMO
system, where linear receivers can be applied. The B = 1 case
corresponds to antenna subset selection, with N, antennas parti-
tioned to two sets, each with K elements. The asymptotic case
with B = co is also included as a performance benchmark. We
observe: i) feedback link improves the system performance dras-
tically; ii) the performance gain demonstrates diminishing returns
as the number of feedback bits increases; iii) The large portion of
the feedback gain is achieved with only moderate number of bits,
(e.g., B = 6). Hence, the number of feedback bits in practical
systems needs not be large,
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